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REOLOSKO-DINAMICKI MODEL OSTECENJA USLED ZAMORA ZA STAPOVE S
VREMENSKI ZAVISNIM PONASANJEM

RHEOLOGICAL-DYNAMICAL FATIGUE DAMAGE MODEL FOR TIME-DEPENDENT
BEHAVIOUR OF RODS

Dragan D. MILASINOVIC
Danica GOLES

1 uvoD

Tokom eksploatacionog veka inzenjerskih objekata,
mogu se ocekivati neka konstruktivna oStec¢enja. U
danaSnje vreme, sve je veée interesovanje za razvoj
postupaka za predvidanje inicijalnih oStec¢enja.

InZenjerske linijske konstrukcije su u praksi obi¢no
kompleksne, a njihov dinami¢ki odgovor na specificne
pobude moZe se odrediti samo pribliznim metodama. S
druge strane, iz reoloSkog aspekta bitna je istorija
napona i deformacija. Tako npr. prema modelu BaZzant-a
i Kim-a [1] za vremenski zavisne deformacije betona,
cikli¢ni deformacijski odgovor ne zavisi mnogo od oblika
vremenske krive optereéenja unutar ciklusa. Zbog toga,
za relativno jednostavne sluéajeve i vremenski zavisne
graniéne uslove (npr. harmonijska pobuda osnove),
moguce je naéi analiticka reSenja koja se mogu koristiti
za proveru ili ocenu rezultata numerickog algoritma u
postupku direktne integracije ili metodu modalne
superpozicije. ReoloSko-dinamicki (RDA) model za opisi-
vanje neelasti¢nih deformacija sistema s jednim stepe-
nom slobode (JSS), koji uzima u obzir uticaj odnosa
minimalnog prema maksimalnom naponu (R), koefici-
jenta te€enja i frekvencije optereéenja na zamorni vek
linijskih elemenata (Stapova), predloZio je prvi pomenuti
autor [5]. Ovaj model u stanju je da predvidi ponaSanje
Stapova pri zamoru pod optereéenjem konstantne
amplitude, koriste¢i rezultate samo nekoliko kljucnih
eksperimenata (videti: MilaSinovi¢ [8]). Utvrdeno je da su
predvidanja, dobijena na osnovu ovog modela, u dobroj
saglasnosti sa eksperimentalnim podacima iz literature.
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1 INTRODUCTION

During the service life of engineering structures
some structural damage can be expected. Nowadays,
there is a growing interest for developing technique for
prediction of incipient damage.

In practice engineering rod structures are usually
complex and their dynamic response to specified inputs
can be determined only by approximate methods. On the
other hand, according to the model of Bazant and Kim
[1] for time-dependent deformations of concrete, the
cyclic strain response does not depend much on the
shape of the time-load curve within the cycle. Thus, for
relatively simple cases and time-dependent boundary
conditions (i.e., harmonic base excitation), it is possible
to find analytical solutions, which can be used to validate
or evaluate the performance of the numerical algorithm
used in the direct integration approach or mode
superposition method. For the inelastic material
deforming a  single-degree-of-freedom (SDOF)
rheological-dynamical (RDA) model has been proposed
by the first author [5], that includes the influence of
stress ratio, creep coefficient and load frequency on the
fatigue life of rods. This model is capable to predict the
fatigue behaviour under constant amplitude loading of
rods using the results from only a few key experiments
(see MilasSinovi¢ [8]). Predictions from this model were
found to be in good agreement with experimental data
obtained from the literature.
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Projektovanje konstrukcija i elemenata koji trpe
napone nesimetriénih ciklusa (uzimajuéi u obzir odnos
napona R), skokovite promene tokom vremena, zahteva
odgovarajucu teoriju sposobnu da se nosi s bilo kojim
stanjem oSte¢enja usled zamora. Povrh toga, vecina
elemenata koji se opiru visokocikliénom zamoru izloZena
je viSeaksijalnom stanju napona. Danas je poznato viSe
od 60 kriterjuma ¢vrstoée na zamor za viSeaksijalno
optereé¢enje: Macha i Sonsino [4], Macha [3]. Postoje
kriterijumi loma usled zamora na bazi napona,
deformacija i energije, ali nijedan opsti, Siroko prihvacen
kriterjum za razli¢ite materijale i uslove optereéenja.
Preumont and Piéfort [9] predlozili su metod frekventnog
podrucja za ocenu oStec¢enja pri visokocikliénom zamoru
za viSeaksijalno stanje napona, izazvanih slucajnim
vibracijama, direktno iz spektralne analize. Ovaj pristup
zasnovan je na novoj definiciji von Mises-ovog napona
kao slu€ajnog procesa. Degradacija ¢vrstoce i krutosti
usled ponavljanog ciklicnog optereéenja u neelastiénom
podru¢ju naziva se niskocikli¢ni zamor. Efekat
niskociklicnog zamora moZe se ublaziti projektovanjem
konstrukcije koja je sposobna da oslobodi veliku koli¢inu
histerezisne energije u svakom ciklusu. Algoritmi za
odredivanje oSte¢enja, zasnovani na promenama
relativnih priguSenja tonova, slabije su razvijeni nego
pristupi zasnovani na krutosti i obliku tonova.
Predstavijena RDA teorija vibracija linijskih konstrukcija
u osnovi je u saglasnosti s tradicionalnom metodom
modalne analize.

U radu su razmatrane dve vrste priguSenja: viskozno
priguSenje u slucaju linearne analize, koje je
proporcionalno krutosti i/ili masi i — u slu€aju nelinearne
analize — histerezisno priguSenje izazvano neelasti¢nim
deformacijama Stapa. Ustanovljeno je da, zbog niskih
vrednosti, viskozno priguSenje jeste znac¢ajno ukoliko su
Stapne konstrukcije izloZzene ciklicnom opterecenju
relativno niskih amplituda napona, kada se javlja
visokocikli¢ni zamor. Medutim, u slu€aju nelinearne
analize, histerezisno priguSenje je znaCajan faktor i
smatra se parametrom oSte¢enja u niskocikli€nom
zamoru. Zakon kumulativhog oSteéenja, zasnovan na
niskociklicnom zamoru, dovodi do izraza za oStec¢enje
koji su dali Cosenza i ostali [2]. Prvi autor je takode
pokazao [7] da se c=(Exl n+H'l k)/g, gde su | k, | n, Ex i H'
date konstante materijala u odredenom vremenskom
koraku, a g zapreminska tezina materijala, moze nazvati
RDA Rayleigh-evo priguSenje, koje se zasniva na
matematicko-fizickoj analogiji izmedu reoloSkog modela i
dinami¢kog modela s viskoznim priguSenjem, tzv.
reolosko-dinamickoj analogiji (RDA). Prema osnovnim
jedna¢inama RDA za masu — m=l «l n/gi krutost Stapa —
k=ExH'/g, viskozno kriti&no prigusenje je ce=m/Tk +T k.
Dalje, reolosko ponaSanje Stapa moze se okarakterisati
jednim parametrom — dinamickim vremenom retardacije
Tk°=1/w, &to daje c=xwm+xk/w. U nelinearnoj analizi,
koja uzima wu obzir RDA meru oslobodene
viskoelastoplasticne  (VEP) energije, nelinearno
ponaSanje je linearizovano, ¢ime je omoguéeno
dobijanje odgovaraju¢ih koeficijenata priguSenja i
krutosti. Na osnovu izraza za dve vrste priguSenja,
razvijen je posebno atraktivan iterativni postupak za
projektovanje VEP Stapova ili dampera (amortizera).

Logi¢no proSirenje RDA modela predstavlja teznju da
se taéno predvidi zamorni vek Stapa pod dejstvom
skokovito promenljivog optere¢enja, kakvom je izloZzeno

The design of structures and components submitted
to non-symmetric (with the stress ratio R taken into
account) and multi-step stress history requires a relevant
prediction theory able to deal with any kind of fatigue
damage condition. Moreover, most of the components
that resist high cycle fatigue are subjected to multiaxial
state of stress. At present, there are more than 60
criteria of fatigue strength for multiaxial loading: Macha
and Sonsino [4], Macha [3]. There is stress-, strain- and
energy- based fatigue failure criteria, but there is not one
common, widely accepted criterion for different loading
conditions and materials. Preumont and Piéfort [9]
proposed a frequency domain method to estimate the
high-cycle fatigue damage for multiaxial stresses caused
by random vibration, directly from a spectral analysis.
This approach is based on a new definition of the von
Mises stress as a random process. On the other hand,
the degradation of strength and stiffness under repeated
inelastic cyclic loading is called low-cycle fatigue.
Ensuring that the structure is able to dissipate a large
amount of hysteretic energy in each cycle can minimize
low-cycle fatigue effect. Damage detection algorithms
based on changes in modal damping ratios are relatively
less developed than stiffness and mode shape
approaches. The presented RDA theory of vibrations of
rod structures is essentially in correspondence with the
traditional mode-component synthesis.

Two types of damping are considered here: viscous
damping in the case of linear analysis, defined as
stiffness and/or mass proportional and, in the case of
nonlinear analysis hysteretic damping caused by
inelastic deformations of a rod. Because of low values,
the viscous damping was found to be important if rod
structures are exposed to cyclic loading at relatively low
load amplitudes, when high cycle fatigue occurs.
However, in the case of nonlinear analysis, the
hysteretic damping is a significant factor, considered as
damage variable in the low-cycle fatigue. Cumulative
damage law based on low-cycle fatigue leads to an
expression for damage given by Cosenza et al. [2]. It
has also been reported by the first author [7] that
c=(Exl n+H'l K)/g, where | ¢, | N, Exk and H' are the given
material constants at fixed step time and gis specific
gravity, may be called the RDA Rayleigh damping, which
is based on the mathematical-physical analogy between
rheological model and dynamical model with viscous
damping, so-called RDA. According to the basic RDA
equations for mass: m=l gl /g and stiffness of the rod:
k=ExH'/g, the viscous critical damping is ce=m/Tx +Tkk.
Furthermore, the rheological behaviour of a rod can only
be characterized by a single parameter, i.e. the dynamic
time of retardation TKD:1/W, which gives c=xwm+xk/w. In
the nonlinear analysis, which takes into account the RDA
rate of release of visco-elastoplastic (VEP) energy,
nonlinear behaviour is linearized, enabling to obtain
equivalent damping and stiffness coefficients. Based on
the formulas of two types of damping, an especially
attractive iterative procedure for design of VEP rods or
dampers is derived.

A logical extension of single RDA model is to
accurately predict the fatigue life of a rod under the
action of step loading, i.e. loading experienced by a
large range of components and structures. As a general
concept, at the structural level the existence of damage
will reduce stiffness and increase damping. Contribution
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mnogo konstrukcija i elemenata. Kao opsti koncept, na
konstruktivnom nivou, postojanje oSteéenja smanjuje
krutost i poveéava priguSenje. Doprinos priguSenja igra
kljuénu ulogu u proceni nosivosti, kada ponaSanje
konstrukcija zade u neelasti¢no podru¢je. Zbog toga je
kod priguSenih konstrukcija odredivanje matrice
priguSenja ili relativnog priguSenja tona od kljuénog
znaCaja. RDA tehnika modeliranja razvijena je kao
teorijski  koncept za prouCavanje neelasti¢nog
deformisanja materijala, koji je u stanju da opiSe veoma
vaznu medusobnu interakciju izmedu smanjene krutosti i
priguSenja. Uspostavljen je odnos izmedu modalnih
parametara i konstruktivnih svojstava. Postupak se
zasniva na proveri globalne konvergencije relativnih
priguSenja tonova. Poredenje indeksa duktilnog
oSteéenja i zamornog veka, koje ovaj model predvida za
Stap sa skokovito promenljivim popreénim presekom, s
nekim fizicki kalibrisanim vrednostima JSS sistema,
sugeriSe da se ovo RDA modeliranje moze tretirati kao
razumno ispravno.

2 MODEL OSTECENJA USLED ZAMORA ZA
VREMENSKI ZAVISNO PONASANJE STAPOVA

2.1 ReoloSko-dinami€ka analogija

U analizi zamora materijala, naponi i deformacije su
razli¢ite funkcije vremena. Reologija, kao nauka, pruza
moguénost izvodenja i reSavanja diferencijalnih jedna-
¢ina reoloSkih modela. Graficki prikazani parovi napon-
dilatacija u istim trenucima vremena, i, daju jedno-
vremene dijagrame napon-dilatacija. Ako se totalna
dilatacija moZze prikazati kao zbir elasti¢ne, viskoelasti-
¢ne i viskoplasticne komponente, svaki jednovremeni
dijagram napon-dilatacija dugog prizmati¢nog Stapa,
prikazanog na slici 1b), moZe biti predstavljen reoloSkim
modelom prema slici 1a), ¢ija je strukturalna
formula:H - K - (N\StV)-

Diferencijalnu jedna¢inu homogene jednoaksijalne
VEP dilatacije ve¢ je izveo prvi autor [6]

of damping plays a critical role on the evaluation of load-
carrying capacity when the behaviour of structures
enters the inelastic range. Thus, for damped structures,
the determination of damping matrix or modal damping
coefficient is crucial. The RDA model technique is
established as theoretical concept for studying inelastic
material deformation that is able to describe a very
important mutual interaction of reduced stiffness and
damping. The relationship between modal parameters
and structural properties is developed. A procedure is
based on a global convergence check of modal damping
ratios. The model predictions of the ductility damage
index and fatigue life of the rod with step cross sections,
which are compared with some physical calibrated
values of a SDOF system, suggest that this RDA
modelling may be treated as reasonably valid.

2 FATIGUE DAMAGE MODEL FOR TIME-
DEPENDENT BEHAVIOUR OF RODS

2.1 Rheological-dynamical analogy

In the material fatigue investigations stress and strain
are different functions of time. Rheology, as a science,
gives an opportunity of assembling and processing
differential equations of the rheological models.
Graphically demonstrated, the stress-strain pairs in the
same moments of time i give us isochronous stress-
strain diagram. If the total strain is represented by the
sum of the elastic, viscoelastic (VE) and viscoplastic
(VP) components, each isochronous stress-strain
diagram of a long prismatic rod, shown in Fig. 1b), can
accurately be approximated by the rheological body in
Fig. 1a), with rheological equation: H - K - (N\StV )-

The governing differential equation that concern
homogeneous uniaxial VEP strain has already been
derived by the first author [6]

Heo EHE_d(t) HE 1,10

@(t)+é(t)9—K+— re(t) =

K INQ KIN

H¢ = E.HC 6
+ =S

& E
*S (t)(‘l
e

KIN IKIN IKINEHQ

Viskoplasticno (VP)
monotonim opterec¢enjem

ponaSanje materijala pod

+()

KEH INEH IK IN@ (1)

IKIN

The viscoplastic (VP) material behaviour under the
conditions of monotonic loading

s- (s, +H®, )2 0 (2

modelirano je tre¢im modelom u nizu sa slike 1a), gde je

is modelled by the third of the sequentially linked models
as shown in Fig. 1a), where

.S~ (sY +H©Vp)

éVp_

Stanje pri rastere¢enju moze se takode analizirati
primenom jednacine (1), kao u slu€aju relaksacije
napona, kada se napon slobodno javija pod trajno
spreCenom amplitudom VP dilatacije (videti odeljak 2.5.).

©)

Iy

Also, the conditions of unloading can be analyzed by
Eqg. (1) as the case of relaxation of stress when stress
can appear freely under permanent restrained amplitude
of the VP strain, see paragraph 2.5.
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Slika 1. RDA model dugog prizmati¢nog Stapa
Figure 1. RDA model of a long prismatic rod

Odgovarajuéa RDA

jednacina jeste

homogena diferencijalna

The homogeneous RDA equation is

é(t)l | +8(t)(Ecl, +HE, ) +e(t)E(HE=0 (4)

gde su lk, In, Ex i H' date konstante materijala u
odredenom vremenskom koraku. Ove konstante, a
narocito Trouton-ovi koeficijenti viskoznosti | ¢ i | n, ne
mogu se lako odrediti eksperimentalnim putem.

S druge strane, mehani¢ki poduzni poremeéaj
(dilatacija) propagira kroz elasti¢éni medij kona¢nom
brzinom v=VEy/r . Vibracija proizvoljne tatke M zaostaje
u fazi za izvorom talasa. Ako sa lp ozna¢imo rastojanje
izmedu krajeva Stapa, vremenska razlika iznosi t-
to=T =l/v. Tk° predstavja karakteristicno vreme
(dinami¢ko vreme retardacije) za koje talas brzine v
prelazi rastojanje l. Kruzna frekvencija dinami¢kog
modela, koji predstavlja slobodne nepriguSene poduzne
vibracije aksijalno napregnutog Stapa konstantnog
poprec¢nog preseka A, data je sa

where | g, | N, Exk and H' are given constants at fixed step
time. However, these constants cannot be easy
determined by the physical experiments, especially
Trouton’s normal viscosities | x and | .

On the other hand, a mechanical longitudinal
disturbance (strain) propagates in an elastic medium at
the finite phase velocity v=NEpn/r. The vibration at an
arbitrary point M of the rod lags in phase behind that at
the source of the wave. If |y is the distance between two
ends of the rod, the time difference is t-to=Tx"=lo/v. T«"
represents a characteristic time (dynamic time of
retardation) for which a wave at the velocity v
propagates the distance l,. The natural angular
frequency of a discrete dynamical model, which
represents an undamped axial free longitudinal vibration
of a rod with constant cross section A, is as follows

W:\/E: E.A 1 :lz%DTKD:I_O:I (5)
m \/% ral, 1, Ty Vv

Imaju¢i na umu jednadinu (4), izraz sli¢an (5) moze
se formulisati postavljanjem reoloSkog modela Stapa u
stanje kriti€énog viskoznog prigusSenja (c=c), pri ¢emu je:
EK/| K:H'/| N | K:EKTK, | N:H'T*, TK:T*:TKD:

2|

Having in mind Eq. (4) an expression similar to Eq.
(5) can be formulated setting the rheological model of a
rod into the state of critical viscous damping (c=cc),
where: Ex/l k=H'l n, | k=ExTk, | \=H'T", Te=T =T«"

EHC_

1 1

IKIN

Ako zamenimo | k¥ n sa mxg, Exk ntH%« sa ceog i
ExH' sa kxg, jednadina (4) postaje

T

(6)

Replacing | kxn by mdg Ex*ntH™* k by cerg and
ExH' by kxg, Eq. (4) becomes

é(t)m +é(t)c, +e(t)k =0 )
gde su in which
E.l,+H¢ ¢
m:IKIN:k(TKD)Z, ccr:( SN K):2kTKD, k = Sl ®)
g g g
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Prema navedenom, propagacija talasa kroz elasti¢ni
medij predstavija fiziCku osnovu za postavljanje
analogije izmedu dva razlicita fizicka fenomena. Stojeci
talasi su najznacajniji, jer u njihovom slu€aju sistem
rasipa energiju samo izmedu <¢&vorova. Veliki broj
objekata vibrira, tako da se u njima uspostavljaju stojeci
talasi. Rastojanja izmedu dva susedna ¢vora i izmedu
dva susedna trbuha talasa jednaka su i iznose polovinu
njegove talasne duzine |. Ovo rastojanje naziva se
duzina stojeceg talasa: | =1 /2.

Pretpostavimo da je duzina Stapa izloZzenog pritisku
kriticnim  opterecenjem, koje  odgovara  granici
elastiénosti E, jednaka duzini stojeceg talasa (lo=I s;). Na
ovaj nacin, utvrdeno je fizicko znaéenje karakteristicne
duzine, lo, Stapa. Rayleigh-Ritz-ov energetski postupak
daje jednacinu kruzne frekvencije i-tog tona, iz koje
proizlazi kriti€an napon. Na granici elasti¢nosti se moze

.ox

jednakost p’ = g , na
(lo/kz)2 (lO/kZ)kg/lz

osnovu koje se moze odrediti preseéna tacka

|0/kZ =p2(kf/|z)(]/g' *) Euler-ove i RDA krive,
vazna za odredivanje donje Euler-ove i gornje RDA
granicne vitkosti, ili karakteristicne duZzine lo za poznato
@ . Karakteristi¢na duzina lp Stapa kruZznog popre¢nog
preseka moze se odrediti iz izraza

uspostaviti

Accordingly, propagation of elastic waves is physical
basis for the analogy between two different physical
phenomena. Standing waves are the most important
ones, as in that case energy of the system dissipates
only between its nodes. Many vibrating objects vibrate
normally in a way that establishes standing waves in the
object. The distance between two adjacent nodes and
between two adjacent antinodes are the same and equal
to half the wave-length | of the travelling waves. This
distance is called the length of the standing wave:
I s=1 /2.

Suppose that length of a rod under compressive
critical load at the point of elasticity E is equal to the
length of the standing wave (lo=l ). In this way the
physical meaning of a characteristic length lp of the
medium is determined. Rayleigh-Ritz energy procedure
provides the equation of the circular frequency of i
mode, from which the critical stress yields. At the point of

elasticity the equality P° _ g’ can be
(/) (/K )k,
formed which leads to the intersection

IO/kZ:pz(kf/lz)(J/g' ) of Euler's and the RDA

curves, important for determination of lower Euler's and
upper RDA slenderness boundary values, or a
characteristic length Iy for the known (p If the rod has
circular cross-section the characteristic length Iy can be
obtained by

|. =
Viskoelastiéni (VE) koeficijent teGenja j ~ jeste nova The viscoelastic (VE) creep coefficient j ~ is a new
konstanta, odnosno karakteristika stanja naprezanja constant, or characteristic of the strained stage
j ¥ :L (10)
1- b

gde je b dato sa

- 1u
HZSP

e s
b=é&l - >*
gge Hﬂﬂ

2.2 Amplituda viskoelastoplastiéne cikliéne
dilatacije

Neka je u pomeranje u bilo kom popreénom preseku
dx (videti sl. 1b) elasticnog Stapa ¢ije su poprecne
dimenzije male u odnosu na talasnu duzinu. ReSenje za

(mpredstavlja Poisson-ov koeficijent)

where b is as follows (mrepresents the Poisson's ratio)

(11)

2.2 Viscoelastoplastic cyclic strain amplitude

Let u be the displacement at any cross section dx
(see Fig. 1b) of the elastic rod whose lateral dimensions
remain small in comparison with wavelength. The
solution for the steady state forced vibration, under the

ustaljene prinudne vibracije, s graniénim uslovima: boundary conditions: u(0,t)=0 and
u(O,)=0 i AEndu/dx(lo,t)=Fasin(wet), svodi se na AEndu/dx(lo,t)=Fasin(wet) is standard technique of
standardni postupak razdvajanja promenljivih separation of variables
F.v 1
u(x,t) = AEA sm?\ix_sm(wFt)
Ve cos Y% l, = 0
\Y Q
u(xt F 1 12)
flu (x.t) = Alé cosaEWF x_sm(w t)
T H cosg I vV o
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S druge strane, jednacina (1), zahvaljuju¢i sinusnoj
funkciji promene napona, dobija oblik

On the other hand, the Eq. (1), due to sinusoidal
repeated stresses, takes the form of

&k E, +HC m o .
&(t)m +é(t)c +e(t)k =s , c— +—*——- WS ——=sin(w,t) +
eEH g EHQ (13)
o +] .06 o +HeO
+SAQL+IK IN+WSCOS(Wst)+SOQL+EK H_+'SYi
eEH g 9 eEH g a g

ReSenje za ustaljene vibracije, uzimajuéi u obzir
jednoaksijalnu homogenu VEP dilataciju, dobijeno je od
strane prvog autora, [5]

The solution for the steady state vibration, taking into
account the homogeneous uniaxial VEP strain, has
already been obtained by the first author, [5]

u(x,t) =e,sin(w,t - arctana)x (14)
gde su where
1+j ) +d?
_S, ( J vp) - amplituda VEP ciklicne deformacije, is the VEP cyclic strain amplitude,
e, = E —1+ FE - is the VEP cyclic strain amplitude,
i
= % - fazni ugao,
1+d? +] v - is the phase angle,
j vp :j T+ EH /H([ - VP koeficijent tecenja,
- is the VP creep coefficient, (15)

j* - VE koeficijent teenja,
- is the VE creep coefficient,

H' - nagib VP dilatacije,
- is the slope of VP strain,

d=w /W =w. TP - relativna frekvencija, i
° s K - is the relative frequency, and

W, =W, - kruzna frekvencija napona ili opterecenja.
- is the stress or load frequency.

Dva reSenja vibracija, dobijena primenom razli¢itih
teorija, mogu se uporediti samo u slu€aju idealno
elastiénog Stapa. Poduzni talasi se kroz dugi elasti¢ni
Stap krecu konac¢nom brzinom v~5000m/s. Odatle su
T=lo/v i d=2pfT«® mali brojevi za stvarne frekvencije
sile — f, zbog €ega je tand~d i cosd~1. Zamenom x=0 i
x=lp u jednacini (12) dobija se

Two solutions of vibrations obtained by different
theories may be compared only in the case of ideal
elastic rod. Longitudinal waves propagate in an elastic
long rod at the finite velocity, v~5000m/s. Therefore,
T=l/v like d=2pfTc® are small numbers for real
frequencies f of the force and because of that will be
tand~d and cosd~1. Substitution of x=0 and x=ly into the
Egs. (12) will obtain

F.v e O Sl , S :
O,t =0, y =__ A —F o =>A 0 - A
u(0,t) u(lp,t) AE . tang v |0¢SII‘I(WFt) £ d tand sin (w;t) 3 lo sin (wt)
flulot) s, 1 _ Sa flu(let) _s, .
‘I(TX ):E_:cosd sm(wFt):E—:sm(WFt), %zE—:sm(wFt)

Uvodenjem ¢,,=0 (idealno elastiéno stanje) u
jednacinu (14) dobijaju se isti rezultati.

On the other hand, substitution of ¢,,=0 (ideal elastic
state) into the Eq. (14) will obtain the same results.

u(0,t)=0, ef(t) :SE—Asin(wFt), u(ly,t) =SE—Asin(WFt)I0

H

H
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To znaéi da elasticno RDA reSenje uzima u obzir
efekte inercije na isti na¢in kao i klasi¢na nepriguSena
talasna jednacina. Ovi efekti su prema tome uvrSteni i u
reSenje priguSenih VEP vibracija. ReSenje zavisi od d i
vrednosti koeficijenta ¢.p, kao i nagiba H'. Prvi autor [8]
odredio je izraze za nagibe u oblastima plasti¢nog
te€enja i deformacijskog oja¢anja, redom:

H¢) =

ij

Osim toga, RDA teorija daje zadrzani (dinamicki) i
izgubljeni (imaginarni) RDA modul, kao i koeficijent
viskoznosti, koji se koriste u ovom radu

Ev  pe=_Bi =123,
(i +1);

This means that the RDA elastic solution takes into
account the inertia effects like classical undamped wave
equation, and these effects are also included in damped
VEP solution of vibrations. This solution varies with d
and the value of coefficient ¢, as well the slope H'. The
slopes were obtained by the first author [8] at the plastic
yielding and at the strain hardening respectively:

(16)

*

1)j

Furthermore, the RDA theory gives the dynamic and
the loss RDA modules like viscosities, which are used in
this paper

1+d? +j
r =Ef—————— E, =Egtana (17)
; 2
(147 ) +d
1 E. TJ
|, =—F, = H KJZVF’ . |, =1ctga (18)
W (1+] vp) +d2
2.3 Skokovita istorija napona 2.3 Multi-step stress history
Umesto  eksperimentalno  utvrdenih  vrednosti, Rather than experimentally determined values, the
preporucuje se koriS¢enje napona Omax) oGitanih s stresses Oma from isochronous RDA diagram are
jednovremenih RDA dijagrama (videti sl. 2.). suggested to be used, see Fig. 2.
alt) T
"'___""___""___"""""""""TI__ I'l
'""""'""""""""IF".'I I| |I
_____________ orenn ([ ] |11
I'.I I||I

Slika 2. Skokoviti ciklicni naponi za razlicita stanja dinamicke ravnoteze i sa R=-1
Figure 2. Step cyclic stresses for different dynamic equilibriums i with R=-1

Jednacine (19) predstavljaju izraze za jednovremene
parove napon-dilatacija, dobijene primenom RDA
postupka, za stanja dinami¢ke ravnoteze u oblasti
plasticnog te€enja i (ili j u oblasti deformacijskog
ojacanja). KoriS¢enjem tih izraza, mogu se razmatrati

Stages of dynamical equilibrium at plastic yielding i
(or j at strain hardening), where isochronous stress-
strain values are obtained using the RDA method, are
expressed below. Using these expressions, more
realistic step steady state periods of constant amplitude

realnijja stanja skokovitih promena perioda sa and frequency of the load may be considered.
opterecenjem konstantne amplitude i frekvencije.
o Sel1rii ) +se (14 )G (1xi)- 1 el = e = (14 e
max Lo be o (|) P P
ij (l+|j ) Ex
| +(j+i 0 (7)o, ., E |
(i) = () = aliu) H —alin) L & AR
S max =S o tSe i~ = +—r-e, = +gl+(1+ e (19)
P (J"‘l)] E(J"‘l)J & =€ EI(QJ) p =& gl ( J)J Hee
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S poznatim veli¢inama Omax, 0o, Op | O mogu se odrediti The following expressions are obtained for the known:
Omax, 0o, Op and Og

(i) (i)
(i) — Smi _25,-5S hy _1-R i v _S
RU) = 2 min — 0 max_ SA(I) — > Sr(nl?ax’ S, _YL =2 P +S, (20)
S max S max J
2.4 Indeks duktilnog oSte¢enja 2.4 Ductility damage index
Duktilnost je svojstvo koje omoguéava da konstrukcija Ductility is the property, which allows the structure to
izdrzi velike plasticne deformacije bez zna¢ajnog gubitka undergo large plastic deformations without significant
nosivosti. lzraz za duktilnost aksijalno optereéenih loss of strength. Ductility m is also obtained by
Stapova mizveo je i MilaSinovi¢ [7] kao MilaSinovic¢ [7] as follows
0 (14§ )es .
m=—"—=——"—=10+1] =1+4] -] (21)
€ €
Najjednostavniji indeks oSte¢enja jeste indeks The simplest damage index is the ductility damage
duktilnog oSteéenja, koji razmatra samo oStecenja usled index, which considers only the damage due to total
totalnih deformacija. Indeks duktilnog oSte¢enja dat je deformation. The ductility damage index is given by
izrazom
e -
d — _tot eY (22)
€ - €
gde su ey, ey ultimativna dilatacija i dilatacija na granici where: ey, ey are the ultimate and the yield strain
teCenja, redom, dok je ex amplituda totalne dilatacije, respectively, while e« is the total strain amplitude as
data sa follows
é . 2 2 U
S o B . / 1+j,,) +d%;
etot — = max §(1+ R)(1+J )+(1_ R) ( vp) - l;l (23)
2E, € 1+d u
e 8]
2.5 Relaksacija napona 2.5 Relaxation of stress
Pod trajno ograni¢enom amplitudom deformacije Under any permanent restrained strain amplitude
€(0), frikcioni kliza¢ reoloSkog modela ne vrac¢a se u svoj €0), the friction slider does not return into its original
pocetni poloZaj, te nastupa relaksacija napona. position, and relaxation of stress takes place. The RDA
Diferencijalna jednacina RDA modela jeste model differential equation is as follows
0 e
mé+céd + ke = thét + 84 +Ks - K's, (24)
gde su where
1 1 1, +I 1 E, +H¢ . _E
h=m—, $=c—+-K_N Rk 4Kk 7 R ="K (25)
EH EH g EH 9 9
Ako je T«k=T =T«", prigu$enje RDA modela je kriti¢no, If T<=T'=T«", the RDA model is critically-damped,
gde je where
2
k TD + * . + * . .
r%]:M, &:kTKDéQ—J+i2, l%:k?‘ ] +i2, I% :ki (26)
E, & E, Hy é E, H ey H¢
Zamenom ovih izraza u jednacini (24) dobija se Substitution of these expressions into the Eq. (24)
yields
2 .. E, 0 .. E, 0 E
(T0) &+TP B+ "+ 109 +81+j "+ 10 - g =E e(0) @7)
& Htg & Htz HC
Opste reSenje ove diferencijalne jednacine jeste The general solution of this differential equation is
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t

Medutim, brzina poduznih talasa iznosi v~5000m/s,
zbog Gega Ge karakteristicno vreme Tk°=lo/v biti mali

,:Hji‘/pt

s(t)=Ce ¥ +Ce ¥ +

H %
e(o
1+ij8()

However, the phase velocity of longitudinal waves is
v~5000m/s and a characteristic time, T«"=lo/v will be a

+SY(.j

>y Y (28)
H ey

broj. Zbog toga je e'"~0, pa se u modelu javlja small number. Thus, e”"~0 and the model will have the
relaksacija napona relaxation of stress
+E Sy
Hes (0
S (t) :—_()S (0) (29)
1+J vp

Odgovarajuc¢i model elastoplasti¢nog Stapa (Prandtl-
Reuss-ovo telo) bez ojaganja (H'—0) imace relaksaciju
napona o(t)=oy, Sto sledi iz graniénog sluéaja jednacine
(29) kada H'—0. Takode, vidi se da viskoplasti¢nost tezi
idealnoj plastiCnosti za veoma male viskoznosti
(I =HT°—0 ako H'—0). Ako se u razmatranje uzme
samo zakasnela ili VE dilatacija, (H'—¥) model ¢e imati
relaksaciju napona

The corresponding model of an elastoplastic rod
(Prandtl-Reuss' body) without hardening (H'—0) has the
relaxation of stress o(t)=oy, that is obtained as a limit
case of Eq. (29) when H'—O0. It also yields that
viscoplasticity tends towards ideal plasticity for very
small viscosity (I n=HTk°—0 if H'—0). Taking into
consideration only delayed elastic or VE strain (H'—¥)
the model has the relaxation of stress

1 1
s (t)= -s (0) = ~-E.e(0)=S(t)e(0 (30)
(1)=157+5 (0) =, Eve(0) =S (t)e(0)
2.6 Granicaizdrzljivosti 2.6 Endurance limit
Stap izlozen ravnomerno ponavljanom Any rod subjected to a sustained repeated-

naizmeni¢nom opterecenju otkazace pri naponu daleko
nizem od graniéne c¢vrsto¢e materijala odredene pri
statickom opterecenju. Ovaj napon, nazvan granica
izdrzljivosti, smatra se osnovom za proraéun &vrstoce
Stapa izloZzenog ciklicnom opterecenju. Ako je cela
amplituda VE dilatacije, e, u potpuno reverzibilnom
optere¢enju (bez pojave prslina), trajno ograniena,
relaksacija napona je odredena kao slede¢a minimalna
vrednost

(1+j *)2 +d® 1

alternating load will fail under the stress which is well
below the ultimate strength of the material when
exposed to static load. This stress value, called the
endurance limit, is assumed as the basis for strength
calculations of rods subjected to cyclic loading. If the
whole VE strain amplitude ea, in fully reversed loading
(when no crack is present), is permanently restrained,
the following stress relaxation is obtained as minimum
value

(31)

Dakle, moze se zakljuciti da je reSenje za relaksaciju
napona pod trajno ograni¢enom amplitudom VE
dilatacije, €a, zamor konstantne amplitude napona pri
potpuno reverzibilnom optereéenju, koji je ve¢ dobijen od
strane prvog autora [5], kako sledi

s.(-1)=s,D

gde je D VE dinamicki koeficijent (videti sl. 3, kada je
¢ =2)

(1+j *)2 +d® 1

1+d? -S4

1+j
So it can be concluded that the solution for the
relaxation of stress under permanently restrained VE
strain amplitude €a is the constant amplitude fatigue in
fully reversed loading, which has already been obtained
by the first author, [5] as follows

(32)

Wpere D is VE dynamic coefficient (see Fig. 3 when
¢ =2)

Shodno tome, RDA zamorna ¢vrstoéa pod trajno
potpuno ograni¢enom amplitudom VEP dilatacije ima
slede¢u minimalnu vrednost

1+d?

— (33)
1+j

Accordingly, the RDA fatigue strength under the
completely permanent restrained VEP strain amplitude
has the following minimum value
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E, S,

L\2 1+— -
(149.,) +a" M Hes ¢ s,
s.(-1)=s ® A=s,D, d+(j,. -] )2 (34)
e( ) A 1+d2 1+jvp A vpgl (va J )SAH
gde je Dyp, VEP dinamicki koeficijent where Dy is VEP dynamic coefficient
. )\2 2
+ +
_[A4ip) +d® 1 (35)
P 1+d? 1+,

Na slici 3. vidi se da je VEP dinamicki koeficijent veci
za nize vrednosti koeficijenta tecenja. Takode, moze se
uociti pad vrednosti Dy, pri porastu relativhe frekvencije
za sve vrednosti d>1.

KoriS¢enjem veza za konstantnu, go i promenljivu
komponentu ciklusa, oa dobija se

s.(R)

EsmaxIl+R+(l_ R)Dvp gl-'-(J vp _j *)
2 &

As shown in Fig. 3, if creep coefficient is lower, the
VEP dynamic coefficient will be greater and, also, if the
relative frequency is greater, Dy, will be lower for all
values d>1.

Using the relationships for the constant, oo and the
variable component of cycle, oa yield

S

Sy
S

(36)

max U

1.2

LU

1

-

0,001 0,01

0,1

100
logd

—s— creep coeff. =2
—— creep coeff. =8

—s— creep coeff. =4
—x— creep coeff.=10

—— creep coeff. =6
—o— creep coeff.=10"12

Slika 3. Zavisnost izmedu dinamickih koeficijenata i relativne frekvencije
Figure 3. Frequency dependence of dynamic coefficients

Krive zamora postaju horizontalne kada d—100, Sto
ukazuje na dobro definisanu granicu izdrZljivosti. Iz

The fatigue curves become horizontal when d—100,
thus indicating a well-defined endurance limit. From Eq.

jednacine (36) sledi (36) follows
e : .\ S, U
1 é 1+(J vp ” ] )S : U 37
lim s, (R)==s ., &+R+(1- R) _ Smac g (37)
d®100 2 ) 1+] w U
& H

3 MODEL OSTEGENJA USLED ZAMORA ZA
STAPOVE S JEDNIM STEPENOM SLOBODE
(JSS)

3.1 Viskoelasti¢an JSS sistem

RDA sistem prikazan na slici 4. sadrzi glavnhu masu
M, koja trpi sinusoidalnu pobudu i ¢&ija rezonantna
amplituda treba da bude minimizirana pomocéu Stapa od
VEP materijala, pod ciklicnom dilatacijom.

3 FATIGUE DAMAGE MODEL FOR SINGLE-
DEGREE-OF-FREEDOM (SDOF) RODS

3.1 SDOF viscoelastic system

The RDA system shown in Fig. 4 consists of a main
mass M, which is sinusoidal excited and whose
resonance amplitudes should be minimized by the
influence of the material of the rod-like VEP substance,
under cyclic strain.

12
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Fa

u(t)

Fasin(awt) '

Slika 4. Viskoelasti¢an RDA JSS sistem
Figure 4. SDOF viscoelastic RDA system

Primenom Newton-ovog zakona kretanja na sistem
prikazan na sl. 4, jednacina kretanja dobija najopstiji
oblik

Mg 8 +C 8 + Kk ,u =F, sin (w.t)

gde je

Coq =XCq =X2,/k, Mg,

Prirodna i relativna frekvencija viskoelastic(hog RDA
JSS sistema s jednom koncentrisanom masom jesu:

Employing Newton's law of motion to the system, the
equation of motion takes its most general form
(38)
where
(39)
The natural and relative frequencies of a SDOF

viscoelastic RDA system with one lumped element of
mass are:

W = Keq _ k“ —w o (40)
meq me?_+M9(1+J *) (1+] )(1+h)
€ mp
* W W - * - *
d =—F :_F\/(1+] )(l+h) :d\/(1+] )(1+h) (41)
W W
gde su in which
- K - degradirana krutost, (42)
eq 1+j * - is the degradation stiffness,
h = M - odnos masa (m je masa Stapa), (43)
m - isthe massratio (m is mass of the rod).

Veoma je vazno da RDA model ima isti fazni ugao
kao i jednostavan JSS sistem sastavljen od mase,
opruge i priguSivaéa, pri linearnim ustaljenim
vibracijama. Tada se moZe uspostaviti jednakost, iz koje
proizlazi relativno viskozno priguSenje RDA sistema s
jednom koncentrisanom masom (videti: MilaSinovi¢ [7]).

*

dj _2d
1+d*+j " 1-d7

Koeficijent, opisan izrazom (44), jeste funkcija
razli¢itih relativnih parametara: j*, h i d Analiza
zavisnosti relativnog viskoznog priguSenja od relativne
frekvencije d’, prikazane na sl. 5, moZe biti zna¢ajna,

P (1+d2+j )

It is very important that the RDA model has the same
phase angle as a simple SDOF spring mass system with
damping in the linear steady state vibration, and thus,
we can form equality, from which yields the viscous
damping ratio of a single RDA system with one lumped
element of mass, see MilaSinovi¢ [7]

jd(1-d”)

(44)

The ratio, which is formulated by Eq. (44), is a
function of various relative parameters: j " h and d. It
may be important to analyze the dependence of the
viscous damping ratio on the relative frequency d’, which
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buduéi da je ova frekvencija funkcija odnosa masa h.

is shown in Fig. 5, because this frequency is function of
mass ratio h.

0,06

0,05 hN \

0,04

0,03

c/Cer

0,02

0,01

I L

0,01

0,1
logd*

[any

| — Mim=0 —— M/m=10 ——M/m=100 —— MiM=1000 —e— M/m=4000 |

Slika 5. Zavisnost relativnog viskoznog prigusenja od relativne frekvencije, za koeficijent tecenja j =2
Figure 5. Frequency dependence of viscous damping ratio for creep coefficient « =2

Krive na sl. 5. konstruisane su za pet vrednosti h (0,
10, 100, 1000, 4000). Uocava se klju¢ni uticaj odnosa
masa h: smanjenjem ovog odnosa dolazi do porasta
veli¢ine relativnog viskoznog priguSenja. Takode, s
porastom relativne frekvencije, relativno viskozno
priguSenje se smanjuje. Zanimljivo je primetiti da za
h=1000 pozitivno relativno viskozno priguSenje opada sa
0.006 na 0.004. To potvrduju sli¢ha eksperimentalna
zapazanja na celiku, koja pokazuju 0.01>c/c.>0.003.

VE dinamicki koeficijent RDA JSS sistema jeste

Variations of the relative frequency d are given for
five values of h (0, 10, 100, 1000, 4000). It can be seen
from Fig. 5 that influence of mass ratio h is crucial, so
that: if the mass ratio is smaller, the viscous damping
ratio will be larger and, also, that if the relative frequency
is larger, the viscous damping ratio will be smaller. It is
interesting to note that for h=1000, positive viscous
damping ratio decreases from 0.006 to 0.004. This
confirms similar experimental observations made on
steel, which show 0.01>c/c>0.003.

The VE dynamic coefficient of a SDOF RDA system

is

(14§ ) +a? 4

(49)

Zavisnost dinamickih koeficijenata RDA sistema od
relativne frekvencije prikazana je na sl. 6. Moze se
primetiti  znaCajan uticaj odnosa masa na veliinu
dinamickih koeficijenata za sve vrednosti 6<10.

Iz veza izmedu Kkonstantne, oo i promenljive
komponente ciklusa, oa, sledi ¢vrsto¢a na zamor RDA
sistema

se(R)zls

2 max

Amplituda totalne dilatacije se moze napisati u obliku

1+d?  1+]

*

The dynamic coefficients of a single RDA system
versus relative frequency are shown in Fig. 6.

A great influence of mass ratio on dynamic
coefficients for all values 6<10 can be observed.

From relationships for the constant, oo, and the
variable component of cycle, oa, the following fatigue
strength of a single RDA system yields

@+R+(1- R)D'§ (46)

The total strain amplitude can be written in the form

€ =212 (14] ) g1+ R)+(1- R)D'§ “7)

2E,,
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Slika 6. Zavisnost dinamickih koeficijenata od relativne frekvencije za nekoliko odnosa masa i koeficijent tecenja j =2
Figure 6. Frequency dependence of dynamic coefficients for several mass ratios and creep coefficient j =2

Posmatranjem jednog vislfoelastic":nog RDA sistema
efektivne krutosti keq=k/(1+j ) i efektivnog priguSenja

Considering a single viscgelastic RDA system with
effective stiffness keq=k/(1+j ) and effective damping

Ceq=X2VKegMeq pod harmonijskom pobudom Ceq=x2\VkegMeq ~ Under  the  harmonic  excitation
F(t)=Fasin(wet), dolazimo do poznatog reSenja F(t)=Fasin(wst), we obtain well known solution
@y +UpW O e 22 aath +uxw’ 60
u(t) =, |u2 + o0 L et coSngt - arctan g0 —%—— o+
W u-w :
e d g e 0"V 20 48)
Fa 1 & a&2xd” 60
o - —SiNGW,t - arctanc-— . ++
o -0 (2 )8 8- 4% g
gde su: where:
F F - * . .
U0: A IO , 0 :_AJ—DIO’ Wd :W 1_ XZ (49)
AE, A E, T,

Amplituda dinamiCkog odgovora RDA sistema s
jednom koncentrisanom masom moZe se napisati u
obliku

S

A

The amplitude of the steady state response of the
RDA system with one lumped element of mass can be
written in the form

1

>~

U jednacini (50) staticki ugib Fa/keq Se mnozi dinamickim
faktorom uvecanja

eq \/(1 d’

2)2 + (Zxd*)2 (50)

In Eq. (50) the static deflection Fa/keq is multiplied by the
dynamic magnification factor

1

D,

eq

3.2 Viskoelastoplasti€an JSS sistem

Jedina bitna razlika izmedu elasti€no i neelasti¢no
deformisanog Stapa jeste veza napon-dilatacija za
materijal Stapa. Teorija neelasti¢nosti bila bi znacajno
pojednostavljena kada bi se nasla jedinstvena funkcija
kojom bi se mogao aproksimirati dijagram napon-
dilatacija — i kroz elasti¢nu i kroz neelasti¢nu oblast. Ova

Ja-a?) +(2a )

(51)

3.2 SDOF visco-elastoplastic system

The only difference to be noted between a rod that is
elastically deformed and the inelastically deformed one
is the stress-strain relation for the material of a rod.
Theory of inelasticity would be greatly simplified if only
one function is found to approximate the stress-strain
diagram over both the elastic and inelastic range. This
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funkcija dobijena je kao jednovremeni RDA dijagram
napon-dilatacija, formulisan jednacinama (19).

Takode, prema RDA principu, energija koju rasipa
neelasti¢an sistem izjednacava se sa energijom koju pri
rezonanciji oslobada viskozni Stap linearnog sistema,
tako da se ekvivalentno relativno priguSenje moze
izraziti u obliku koji je dao prvi autor [7]

Ovaj pristup, zasnovan na geometriji histerezisne
petlie (videti sl. 4), uz uspostavljanje veze sa
ekvivalentnim linearnim sistemom, €ini osnovu metoda
geometrijske krutosti, u kojem je krutost linearne
konstrukcije definisana kao nagib linijje koja spaja
krajeve histerezisne petlje, dok se energija koju
oslobada neelastiCan sistem izjednaava sa energijom
oslobodenom pri rezonanciji viskoznog Stapa linearnog
sistema, izloZenog sinusoidalnoj pobudi.

VEP dinamicki koeficijent RDA JSS sistema je

R)Z(

function is obtained as isochronous stress-strain RDA
diagram and formulated by Eqgs. (19).

Also, according to the RDA principle, the energy
dissipated by the inelastic system is set equal to the
energy dissipated at resonance by the viscous rod of the
linear system, so that equivalent damping coefficient can
be expressed as given by the first author, [7]

14],,) +1
8

(52)

This approach, based on the geometry of the
hysteresis loop (see Fig. 4), but making reference to the
equivalent linear system, forms the basis of the
geometric stiffness method, in which the stiffness of the
linear structure is defined as the slope of the line joining
the ends of the hysteresis loop and the energy
dissipated by the inelastic system is set equal to the
energy dissipated at resonance by the viscous rod of the
linear system, subjected to sinusoidal excitation.

The VEP dynamic coefficient of a SDOF RDA
system is

*

(145 ,) +d7 1

P 1+d"?

Upotrebom veza izmedu konstantne, oo i promenljive
komponente ciklusa, oa, moze se odrediti ¢vrsto¢a na
zamor RDA sistema

53
1+, >

The use of relationships of the constant, o, and the
variable component of cycle, oa yields the following
fatigue strength of the RDA system

se(R):%smaxihR +(1- R)D;p§1+(j w - *)SSY u” (54)

Amplituda totalne dilatacije VEP RDA sistema moze
se napisati u obliku

€ = 2m 14+R)(14] ")+ (1- R)D], (1+] ,, )8

2E,,

3.3 Analizaispravnosti modela
3.3.1 Karakteristike ispitanog materijala i uzorka

Za proveru novog modela zamornog oSteéenja
koriste se opseZni podaci koje je objavio prvi autor, [5] i
[8]. Ispitani uzorak je od niskougljeniénog celika.
Vrednosti fiziCkih parametara mekog &elika preuzete su
iz prirucnika [10]: specificna toplota c¢=0.113 kcal/kg°C;
gustina r=7860 kg/m3; koeficijent linearnog termickog
Sirenja  ar=0.0000125 1/°C; modul elasti¢nosti
En=2.1x10"" N/m’.

Napon i dilatacija na granici proporcionalnosti

_2rc _2x860>0.113
Foa, 0.0000125

The total strain amplitude of a VEP single RDA
system can be written in the form

(59)

3.3 Model validation
3.3.1 Test material and specimen

The comprehensive data published by the first
author, [5] and [8], has been used to validate a new
fatigue damage model. The test material was low carbon
steel. The values of physical parameters of mild-steel
are taken from the handbook, [10]: Specific heat c=0.113
kcal’kg®C; Density r=7860 kg/m3; Coefficient of linear
expansion at=0.0000125 1/°C; Elastic modulus
En=2.1x10"" N/m’.

Proportional stress and strain

=1.421088x10°N / m* =142MPa: e, :%P =0.000676

H
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Napon na granici elasti¢nosti

Eksperiment aksijalnog zamora sproveden je na
izolovanoj celicnoj Sipki armature (prototip): b=50 cm,
f=1.9 cm. Napon na granici elastiénosti mozemo odrediti
uzimajuéi u obzir Euler-ovu formulu.

Elasticity stress

Axial fatigue experiment was performed on the
isolated reinforcement steel rod (prototype): 1b=50 cm,
f=1.9 cm. The elasticity stress can be determined taking
into account the Euler formula.

kz = I_Z :f_ :£ =0.475cm ?—09:5—0 =105.26:
A4 4 &k, 5 0.475
2 2
o, < Eup 21000007 oo
@, 6 105.26
Gt
etz g

Granica elasticnosti E ovog celika u dobroj je
saglasnosti s vitkoS¢éu uzorka 105.26, zato Sto elastiCna
Euler-ova teorija za ovu vrstu niskougljeni¢nog celika
(Fe E275 0y=275 N/mm?, 0,=390 N/mm?, prema prEN
10113) ne vazi za vitkosti manje od 104.

VE koeficijent te€enja

«_ P

The fact is that point of elasticity E of this steel is in
good accordance with slenderness ratio of 105.26,
because elastic Euler’s theory for this type of low-carbon
steel (Fe E275 0v=275 N/mm’, 0y=390 N/mm?,
according to prEN 10113) is not valid for slenderness
ratio under the 104.

The VE creep coefficient

p

]

3.3.2 Uticaj odnosa masa na zamornu ¢vrstocu i
amplitudu totalne dilatacije

Da bismo razmotrili uticaj odnosa masa, h=M/m na
zamornu ¢vrstoéu i amplitudu totalne dilatacije,
izabracemo dve vrednosti — h (0, 3683) i frekvenciju
pobude fr=15Hz, pri ¢emu je d=0.009114.

T 4lg  4>60%7.8640°

3.3.2 The influence of mass ratio on fatigue strength and
total strain amplitude

In order to clarify the influence of mass ratio, h=M/m
on fatigue strength and total strain amplitude, let us
choose two values of h (0, 3683) and excitation
frequency fe.=15Hz, with d=0.009114.

Tabela 1. Uticaj odnosa masa h=M/m na zamornu ¢évrstocu i amplitudu totalne dilatacije
Table 1. The influence of mass ratios h=M/m on fatigue strength and total strain amplitude

n=0 n=3683
d =d/(1+j *)(1+h) 0.015786 0.958141
(1+. *)2 g
o = |\ 1 0.999889 0.75799
1+d?  1+j°

Smax R W * Smax i Smax HER W N
e, = Y (1+J )g1+R)+(1- R)D'g E—H(lﬂ ) E(l+] )gl+R)+(1- R)>0.75799y
se(R)=%smang+R+(1- R)D'§ S %s mex ELF R +(1- R)>0.75799y

MoZe se uoCiti da je za h=0 (videti tab. 1) dsuviSe
malo da bi se dostigla zamorna ¢vrsto¢a, dok amplituda
totalne dilatacije dostize maksimalnu vrednost. Medutim,
pod istom relativnom frekvencijom d, uticaj odnosa masa
h=3683 na zamornu ¢&vrsto¢u i amplitudu totalne
dilatacije jeste znalajan, =zahvaljujuéi dinami¢kom
koeficijentu koji je sada D'=0.75799.

U tabeli 2. prikazane su vrednosti
viskoznog priguSenja, dinamickih

relativnog
koeficijenata i

The fact is (see Tab. 1) that d is too small to achieve
the fatigue strength when h=0 and the total strain
amplitude has maximum value. However, under the
same relative frequency d the influence of mass ratio
h=3683 on fatigue strength and total strain amplitude is
significant, because of the dynamic coefficient, that is
D =0.75799.

Table 2 gives values of viscous damping ratios,
dynamic coefficients and dynamic magnification factors
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dinamickih faktora uvecanja za relativne frekvencije u
opsegu od d=0.001 do d=100 i maksimalni odnos masa,
h=3683.

for relative frequencies varying from d=0.001 to d=100
and for the maximal mass ratio, h=3683.

Tabela 2. Relativna viskozna prigusenja, dinamicki koeficijenti i dinamicki faktori uvecanja za h=3683
Table 2. Viscous damping ratios, dynamic coefficients and dynamic magnification factors for h=3683

O=We Tk d= dV(1+ )(1+h)
Prototype Prototype
T«"=0.0000967s op=142MPa
fr=15Hz Fa=(19°p/4)142=40261N X D Deq
Wr=2pfr=94.25rad/s M=Fa/g=4104kg
d=0.009114 h:M/m:*4104/1.114:3683
d=0.958141
0,001 0,105128 0,003136 0,99513 1,011175
0,002 0,210257 0,003031 0,981003 1,046252
0,003 0,315385 0,002855 0,958949 1,110452
0,004 0,420514 0,00261 0,930825 1,214815
0,005 0,525642 0,002295 0,898648 1,38178
0,006 0,630771 0,001909 0,864291 1,660763
0,007 0,735899 0,001454 0,829296 2,18123
0,008 0,841028 0,000928 0,794822 3,416746
0,009 0,946156 0,000332 0,761662 9,542906
0,009114 0,958141 0,00026 0,75799 12,20001
0,01 1,051285 -0,00033 0,730305 9,505492
0,02 2,10257 -0,01084 0,524489 0,292303
0,03 3,153855 -0,02836 0,438534 0,111749
0,04 4,20514 -0,05287 0,398357 0,059919
0,05 5,256425 -0,08437 0,377039 0,037531
0,06 6,30771 -0,12284 0,364561 0,025761
0,07 7,358994 -0,16826 0,356689 0,018793
0,08 8,410279 -0,22063 0,35143 0,01432
0,09 9,461564 -0,27992 0,347751 0,011277
0,1 10,51285 -0,3461 0,345082 0,009111
1 105,1285 -26,2797 0,333454 8,09E-05
10 1051,285 -102,066 0,333335 8,88E-07
100 10512,85 -105,097 0,333333 9,05E-09

VE dinamicki koeficijenti i dinamicki faktori uveéanja
za pet odnosa masa h (0, 10, 100, 1000, 3683) prikazani
su na sl. 7. Ocigledno je da se svi dinamicki koeficijenti
smanjuju s porastom relativne frekvencije d.

Uocava se porast svih dinamickih faktora uveéanja s
porastom relativne frekvencije u oblasti 0.001<d <1.
Medutim, za negativne vrednosti x (d*21), svi faktori
opadaju s porastom relativne frekvencije. Za maksimalni
odnos masa, h=3683 dobija se De=12.20, dok je za
h=1000 vrednost Deq=37.00. Maksimalna veli¢ina
dinami€kog faktora uvecanja Deq=1113.76 se dobija za
h=10. U ovom sluéaju je relativna frekvencija,
d'=0.999554, veoma bliska svojoj vrednosti pri
rezonanci.

The VE dynamic coefficients and dynamic
magnification factors for five mass ratios h (0, 10, 100,
1000, 3683) are shown in Fig. 7. It is obvious that all
dynamic coefficients decrease with respect to relative
frequencies, d.

It is seen that all dynamic magnification factors
increase  with respect to relative frequencies,
0.001<d <1. Note, however, that all factors decrease for
negative values of x (d>1). The corresponding value for
maximum mass ratio, h=3683 is Deq=12.20, while for
h=1000 it is found that Deq=37.00. Note that the dynamic
magnification factor has maximal value of Deq=1113.76
for h=10. In this case the relative frequency,
d'=0.999554, is very close to its value in the case of
resonance.

18
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Slika 7. Zavisnost dinamickih koeficijenata i dinamickih faktora uvecanja od relativne frekvencije
Figure 7. Frequency dependence of dynamic coefficients and dynamic magnification factors

3.3.3 Niskocikli¢ni zamor za jednostavan RDA model

Razni predloZeni algoritmi za otkrivanje oStecenja
usled zamora zasnivaju se na razli€itim fizickim i
mehani¢kim principima. Ovde je prikazan algoritam za
otkrivanje oSte¢enja jednostavnog RDA modela,
zasnovan na promenama koeficijenta te€enja i relativhe
frekvencije. Pad ¢&vrstoCe i krutosti pod ponavijanim
neelasticnim  ciklicnim  optereCenjem naziva se
niskocikli¢ni zamor. On se ovde analizira za istoriju
plastiénog tec¢enja koje se odvija u viSe koraka, videti
jednacinu (25)

_142(1+2)+187(1+2)g1+2)- 1
B 2(1+2)

2

=258MPa

) _142(1+20) +187(1+2)@2(1+22) - 1y

3.3.3 Low-cycle fatigue for single RDA model

Various damage detection algorithms have been
proposed based on different physical and mechanical
principles. Damage detection algorithm of a single RDA
model, based on changes in creep coefficient and
relative frequency, is presented here. The degradation of
strength and stiffness under repeated inelastic cyclic
loading is called low-cycle fatigue. It is analyzed here
under the following multi-step history for plastic yielding,
see Eq. (25)

el =(1+2)0.000676 =0.002029 ,

=288MPa

max

(3

) _142(1+3%) +187(1+2)€3(1+3)- 1y

2 (1+2 %)

=291IMPa-

max

Gorenavedene vrednosti napona upotrebljene su
kao maksimalne apsolutne vrednosti napona u
ciklusima. Rezultati proraéuna granica izdrzljivosti,
amplituda totalne dilatacije i indeksa duktiinog oStecenja
za tri srednja napona oy prikazani su u tab. 3.

Indeksi duktilnog oSteéenja, za tri srednja napona,
prikazani su na sl. 8. kao funkcija koeficijenta te€enja j vp
i relativne frekvencije d=0.009114.

Ocigledan je veliki uticaj koeficijenta te€enja, kao i
porast indeksa duktilnog oSte¢enja pri smanjenju veli¢ine
srednjeg napona.

3(1+3%)

Above stresses are used as maximum absolute
stresses in cycles. The results of computations of
endurance limits, total strain amplitudes and ductility
damage indexes for three mean stresses oo are
presented in Tab. 3.

Ductility damage indexes are shown in Fig. 8 for
three mean stresses as a function of creep coefficients
jw and relative frequency d=0.009114. The great
influence of creep coefficients is obvious, also that if the
mean stress is lower, ductility damage index will be
greater.
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Tabela 3. Granice izdrzljivosti, amplitude totalne dilatacije i indeksi duktiinog oStecenja
Table 3. Endurance limits, total strain amplitudes and ductility damage indexes

0p=142 MPa, d=0.009114, j ‘=2, 0y=258 MPa, &,=0.002029, &,=0.018257

i=1, j w=4 i=2, | w=6 i=3, ] w=38
Omax [MPa] 258 288 291
R=-1 R=-1 R=-1
0p=258 0,=288 0a=291
00=0 MPa o(R)(d—100)=154.8 o(R)(d—100)=188.57 o(R)(d—100)=204.33
€0t=0.006143 &ot =0.009600 &ot =0.013095
d=0.253486 d=0.466536 d=0.681902
R=-0.44961 R=-0.50694 R=-0.51203
0a=187 oa=217 0a=220
0o=71 MPa o(R)(d—100)=183.20 o(R)(d—100)=213.08 o(R)(d—100)=225.48
aot =0.005467 aot =0.008248 &ot =0.010443
d=0.211834 d=0.383199 d=0.518474
R=0.10078 R=-0.01389 R=-0.02405
o,=116 oa=146 oa=149
00=142 MPa o(R)(d—100)=211.6 o(R)(d—100)=237.6 o(R)(d—100)=246.62
aot =0.004790 &ot =0.006895 aot =0.008414
d=0.170166 d=0.299865 d=0.393469
< 0,8
_3;; 0,7 /
£ 06
() _
£ 0 =
S 03 —
Z 02 —
§ 0.1
O o
2 3 4 5 6 7 8 9
Creep coefficient
—— mean stress=0 MPa  —=— mean stress=71 MPa
—— mean stress =142 MPa

Slika 8. Uticaj srednjeg napona na indeks duktilnog oStecenja u funkciji koeficijenta teéenja
Figure 8. The influence of mean stress on ductility damage index as a function of creep coefficients

U ranijem radu prvog autora [5], primeéeno je da
usvajanje granice izdrzZljivosti kao indikatora oStecenja,
zahvaljujuéi osetljivosti zamorne &vrstoce na promene
relativne frekvencije, zahteva relativnu frekvenciju
6~100. Rezultati za zamornu ¢&vrstoéu prikazani su u
polulogaritamskim dijagramima na sl. 9, pri ¢emu su
veli¢éine napona nanete na ordinatu, dok su vrednosti
relativne frekvencije na apsici. Krive postaju horizontalne
kada je 6—100 za sve sracunate vrednosti, Sto pokazuje
dobro definisane granice izdrzljivosti, tabulisane u tab. 3.

From the previous work of the first author [5], using
endurance limits as the indicator of damage, it is
considered that sensitivity of frequency changes to
fatigue strength requires relative frequency 6~100. The
results of fatigue strengths are drawn using semi
logarithmic diagram, in which values of stress are plotted
as ordinates and values of relative frequency as
abscissas, as shown in Figs. 9. Curves become
horizontal when 6—100 for all calculated values, thus
indicating a well-defined endurance limits, that are
tabulated in Tab. 3.
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Slika 9. RDA krive zamora celiéne Sipke za tri veli¢ine srednjeg napona
Figure 9. The RDA fatigue curves of steel rod for three mean stresses
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4 MODEL OéTEQENJA USLED ZAMORA ZA
STAPOVE S VISE STEPENI SLOBODE (VSS)

4.1 Jednacine diskretnog VSS sistema

Koncept koji je razvijen za JSS sistem pomaze u
razumevanju dinami¢kog ponaSanja linijskih konstrukcija
uopSte. U uobic¢ajenom predstavljanju sistema s viSe
stepeni slobode, prikazanog na sl. 10, svakoj masi
omoguceno je kretanje samo u X-pravcu.

4 FATIGUE DAMAGE MODEL FOR MULTI-DEGREE-
OF-FREEDOM (MDOF) RODS

4.1 Discrete MDOF viscoelastic equations

The concept, developed for a SDOF system, assists
in the understanding of the dynamic behaviour of rod
structures in general. In the conventional representation
of a system, shown in Fig. 10, with several DOF, each
mass is constrained to move only in the X-direction.

|{_|1-1 N

— e, _|-. ..In
Eﬂ: - = I-.ll II
- Cju1 -
Lij Lif+1

Slika 10. VSS model
Figure 10. MDOF model

Zbog ovoga, pomeranje u; (mereno u odnosu na
polozaj pri statickoj ravnotezi) definiSe trenutni polozaj
mase Megj. Jednacdina kretanja mase meg glasi

M +Coq (I&J i l&j~1) +Ceqj+1(‘&1' i ‘&J+1)+keqi (u. )

eq ]

Postoji n jednacina slicnih jednalini (56). Radi
prilagodavanja razli¢itim tipovima Stapnih konstrukcija,
mozZe se napisati opSta matri¢na jednacina VSS sistema

M@ (t) +Cé(t) +Ku(t) =F(t) =Fg (t)

4.2 Svojstvene vrednosti RDA modela

Modalna analiza jeste primarno sredstvo za
modeliranje  dinamickih  karakteristika konstrukcija.
Odgovarajuéa homogena diferencijalna jednacina

jednoaksijalne dilatacije e(t) dugog tankog prizmati¢nog
Stapa — videti jednacinu (7), ima sledec¢i oblik

Thus the displacement u; (measured from the
position of static equilibrium) defines the instantaneous
position of mass meg. The equation of motion for mass

Meg; is
ujﬂ) =F,(t)

There are n equations similar to Eq. (56). In order to
accommodate to different types of a rod structure, the
general matrix equation of the MDOF system may be
considered

u -

eqj+l ( J (56)

up,)+k

J

(57)

4.2 Eigenvalues of the RDA model

Modal analysis is primarily a tool for modelling
dynamic characteristics of structures. The corresponding
homogeneous differential equation of homogeneous
uniaxial strain &(t) of a thin long symmetrical rod, see Eq.
(7), take the form of

mé(t) +cé(t)+ke(t) =0

gde je c=(m/Tx+Tkk) priguSenje.

Ocigledno je da se za VSS model sa sl. 10. moze
napisati
&l
mé&(t)
eTK

U analizi deformacija, koje se mogu slobodno
pojaviti, pretpostavlja se da se sve dilatacije menjaju u

vremenu prema RDA opStem reSenju (priguSenje vecée
od kritiénog), videti: MilaSinovi¢ [6]

.it
g(t)=ée ™,

UnoSenjem izraza za dilataciju i njene izvode po
vremenu u jednacinu (58) dobija se

fo—m+
Qm

Tkaﬁ(t)+ks(t):o
2

where c=(m/Tk+Tkk) is damping.
Obviously, for the MDOF model of Fig. 10 can be
defined

(58)

In the analysis of strains, which can appear freely, it
is presupposed that all strains alter in time according to
the RDA complementary solution (overdamped case) of
strain, see MilaSinovi¢ [6]

(59)

Substitution of the strain and its time derivatives into
Equation (58) yields
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(o LE A"‘a-:l-' TE gkézo (60)
&2 TT, & Tp
ili or
k- T mZE=0 (61)
é Ikl g
Ovo je RDA problem svojstvenih vrednosti, iz kojeg This is the RDA eigenvalue problem, so that

se kao rezultat dobijaju svojstvene vrednosti i
odgovarajuci svojstveni vektori. Imajuéi na umu da se
relativno viskozno priguSenje x; definiSe kao odnos
priguSenja u tonu j i kritinog priguSenja tona, RDA
model Stapa mora se dovesti u stanje kriticnog
prigudenja, gde je: Ex/l k<=H/l x (I k=ExTk, |n=HT,
TK:T*:TKD). Odavde se mozZe formulisati slede¢i RDA
problem svojstvenih vrednosti

eigenvalues and corresponding eigenvectors are
obtained as results. Having in mind that viscous
damping ratio x; is defined as the ratio of the damping in
mode j to the critical damping of the mode, the RDA
model of a rod must be turned into the state of critical
damping, where: Ew/l <=H'/l x (I k=ExTk, |n=HT,
Tk=T'=T«"). Therefore, the following RDA eigenvalue
problem is formulated

& o]
G-t mE=0 (62)
¢ ) 5
-|'KD’1>-|'KD]2 >TKD’3 ...>TKD’n jesu  Karakteristina -|'KD’1>-|'KD]2 >TKD’3 ...>TKD’n are the characteristic
vremena (dinami¢ka vremena retardacije) sistema iz times (dynamic times of retardation) of a system from
kojih se mogu odrediti relativna viskozna priguSenja which the viscous damping ratios may be obtained
- * *2
i (1' d )

T 2d; (1+d? +j ;)

gde su d, :TK?jWF, o =we/w; , dok je W frekvencija

pobude.
UnoSenjem relativnog viskoznog priguSenja x; u j-tu
jednagdinu sistema, mozemo ih sve resiti.

4.3 Viskoelasti¢an Stap s dva stepena slobode
(DSS)
4.3.1 Svojstvene vrednosti RDA modela

Potrebne su ukupno dve koordinate da bi se odredio
polozaj modela na sl. 11; to je DSS model.

k1

L

(63)

where d. =Tow., d=wsw and we is excitation

frequency.

Introducing the viscous damping ratio x; in the jth
equation of the set of decoupled equations, we can solve
all of them.

4.3 Two-degree-of-freedom (TDOF) viscoelastic rod
4.3.1 Eigenvalues of the RDA model

Model shown in Fig. 11 requires altogether two
coordinates to specify its position; it is TDOF model.

-
u

7]

Slika 11. Viskoelasti¢ni RDA DSS model
Figure 11. TDOF viscoelastic RDA model

Jednadine kretanja su date sa The equations of motion are given by

mlaﬁ + (kz + kl)ul - kzuz =0
m,&, +k,u, - k,u, =0

(64)

a karakteristi¢na jednacina je and the characteristic equation is
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.2
Ltk K +Jgae<l+k2+k_zo Kk ©)

2m, 2m, 4(6‘, m m,yz mm,
Karakteristicna vremena se mogu odrediti iz The characteristic times may be obtained as follows
D —
Tewz =1/ 1y, (66)

Ako je mi=my=m/2 i ki=k,=2k, dobijaju se sledece If  mi=my=m/2 and ki=k,=2k the following

karakteristicne vrednosti eigenvalues yield
Iy, =(6%+20)k/ m

a iz jednacine (66) — sledec¢a karakteristi¢na vremena and Eq. (66) gives the following characteristic times

D _ D D _ D
T, 1=0.309017T¢°, T, ,=0.809017T

gde T<® predstavija karakteristicno vreme pojedina¢nog where Tg® represents a characteristic time of a single
RDA modela. RDA model.
4.3.2 Dinamicki koeficijenti ¢elicne Sipke s dve jednake 4.3.2 Dynamic coefficients of steel rod with two equal
koncentrisane mase lumped elements of mass

Veli¢ine parametara celicne Sipke prikazane su u Values of parameters of steel rod appear in Tab. 2.
tab. 2. Viskoelasti¢an RDA DSS  sistem: The TDOF viscqelas;tic RDA system: Meq1=Meg2=Meg/2,
Meqr=Meq2=Meq/2, Keqri=Keq=2Keq, | 1= 2=] =2, prikazan Keqi=Keqe=2Keq, | 1= 2=j =2, which is shown in Fig. 12,
na sl. 12, optereéen je ciklicnim sinusoidalnim is loaded with cyclic sinusoidal loads in symmetrical
opterecenjem simetricnog ciklusa: fri=fro=15Hz i cycle: fri=fro=15Hz and Wr1=Wr2=Wr=2px15=94.25rad/s.

WF1:WF2:WF:2pX15:94. 25rad/s.

kg boeyz

L LR LA
W R

A

3 )
i |

Cogl _ . Coys
L L2

i

Fait)

S

Meg

o,

Slika 12. Viskoelasti¢cna DSS ¢eli¢na Sipka s dve jednake koncentrisane mase
Figure 12. TDOF viscoelastic steel rod with two equal lumped element of mass

Karakteristicha vremena sraCunata su u delu 4.3.1. The characteristic times are calculated in paragraph
Odatle sledi 4.3.1. Thus

di=T,0;We=0.309017¢=0.002816, =T, We=0.8090170=0.007373 ¢=94.25T¢"=94.25.0.0000967=0.009114.

Prirodna frekvencija sistema sledi iz jednacine (65) The natural frequencies of a system are available
from the Eq. (65) as follows

Wy =4l (67)

gde je where

! =(6i@)&, ko= K - K K m_ =m+M=4105.114kg,

1/2 meq eq l+J * :m_g,
I, =(6 +@)+ =0.000850332x119.08 X.0° =101257.60. w; =318.21,
! 3x4105.114
1, =(6- Jzo)* =0.000124061>119.08>40° =14773.28, w, =121.55.
3x4105.114
24 GRADEVINSKI MATERIJALI | KONSTRUKCIJE 55 (2012) 3 (3-36)

BUILDING MATERIALS AND STRUCTURES 55 (2012) 3 (3-36)



Odavde

< _ W _ 94.25
' w, 318.21

Prema jednacini (63), relativha viskozna priguSenja
jesu
o Jad(1-ar)
to2d; (1+d? 4] )
Oba relativna priguSenja ovog sistema manja su od
0.003. To pokazuje da su delovi Sipke u viskoelasticnom

stanju, Sto je u saglasnosti s polaznom pretpostavkom.
Razdvojene jednacine kretanja su:

=0.296188' d, =

=0.002892' x, =

Thus

w, _ 94.25
121.55

=0.775401-

2

According to Eq. (63), the viscous damping ratios are
as follows

- 2
M =0.001264-
2d, (1+df +] ;)

Both damping coefficients of this dynamical system
are lower than 0.003 and they show that rod parts are in
the stage of viscoelasticity, which is in correspondence
with the starting hypothesis. Then decoupled equations
of motion are:

¥ (t)+1.8414, (t) +318.21%v, (t) =®"Fg (t) =N, (t)

¥, (t)+0.308\, (t) +121.55%v, (t) =®"Fg (t) =N, (t)

gde su: F prostorni vektor, g(t) vremenska funkcija i u(t)
reSenje u prvobitnim koordinatama

in which: Fis a space vector, g(t) is a time function and
u(t) is the solution in terms of the original coordinate

u(t)=ov(t)

Medutim, relativna priguSenja nisu medusobno
jednaka &ak ni kada se ukupna masa podeli na dva
jednaka dela. Dinamika konstrukcija obi¢no usvaja
konstantnu vrednost za sve elemente. VE dinamicki
koeficijenti (Cvrstoée na zamor) elemenata takode su
razliciti, kao Sto je prikazano u Tab. 4.

However, the damping coefficients are not equal
even though the total mass is divided into two equal
parts. Structural dynamics commonly adopts a constant
value for all elements. VE dynamic coefficients (fatigue
strengths) are also different per elements, as shown in
Table 4.

Tabela 4. Dinamicki koeficijenti Sipke s dve jednake koncentrisane mase
Table 4. Dynamic coefficients of a rod with two equal lumped element of mass

Deo 1 Deo 2
Part 1 Part 2
d 0.296188 0.755401
D" 0.963488 0.816232

4.3.3 Dinamicki koeficijenti ¢eli¢ne Sipke s jednom
koncentrisanom masom

Viskoelastitan RDA DSS sistem: mi=m/2,
Meqz=M/2+M, Keqi=keqz=2Keq, | 15 2=] =2, prikazan na
sl. 13, opterecen je cikli¢nim sinusoidalnim opterecenjem
simetri¢nog ciklusa: fr,=15Hz i we2=94.25rad/s.

4.3.3 Dynamic coefficients of steel rod with one lumped
element of mass

The TDOF viscoelastic RDA system: m;=m/2,
Meqz=M/2+M, Keqi=Keqz=2Keq, | 15} 2=] =2, Wwhich is
shown in Fig. 13, is loaded with cyclic sinusoidal loads in
symmetrical cycle: fr,=15Hz and wr=94.25rad/s.

2 =
ana t
éd——h !:qu = Fz{t]
_ |z
R .
3] Lz

Slika 13. Viskoelasti¢na DSS ¢eli¢na Sipka s jednom koncentrisanom masom
Figure 13. TDOF viscoelastic steel rod with one lumped element of mass
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Relativne frekvencije sraCunate su u delu 4.3.2.
d;=0.002816, d»=0.007373. Prirodna frekvencija nalazi
se iz jednacina (65) i (67)

The relative frequencies are calculated in paragraph
4.3.2.: d;=0.002816, d»=0.007373. The natural
frequencies are available from Egs. (65) and (67)

2
2m,

Odatle

w,  16883.74

Prema jednacini (63), relativha viskozna priguSenja
jesu:

d(1- g2
X, :J“(—l) =0.168168"

2d, (1+d? +j ;)

lako su vrednosti kruznih frekvencija W na kraju
Sipke, modelirane kao JSS i DSS sistem, prakticno
jednake (98.365~98.342), rezultati vibracija ova dva
sistema ¢e se medusobno znac¢ajno razlikovati, buduci
da je ovaj deo, na osnovu relativnog priguSenja od
16.8168% dela 1 Sipke modelirane kao DSS sistem,
uSao u oblast plasticnin deformacija. Dinamicki
koeficijent dela 1 (videti tab. 5) vrlo je blizak jedinici.

keql + keqz + keqz + Ea(eql + keqz ke

K.,.K

.2
2 O eql ‘eq2

+ q

2m,, 4%

|, =285060537.7 b w, =16883.73589,

m; m mlmeq 2

eq2 B
|,=9671.1b w, =98.34175.

Thus

d; _We 94.25

== Y70 20958393
w, 98.34175

According to Eqg. (63) the viscous damping ratios are:

j o, (1- 0;2)

=222 )2 0.000209-
2d, (1+dZ +j ;)

2

Even if the values of circular frequencies w at the
end of the rod, modelled as a SDOF and a TDOF
system, are practically the same (98.365~98.342), the
vibration results for these two systems will vary
considerably since, based on the damping coefficient of
16.8168% in part 1 of the rod modelled as a TDOF, it
has undergone plastic deformation. Dynamic coefficient
of part 1, see Tab. 5, is very close to 1.

Tabela 5. Dinamicki koeficijenti Sipke s jednom koncentrisanom masom
Table 5. Dynamic coefficients of the rod with one lumped element of mass

Deo 1 Deo 2
Part 1 Part 2
d 0.005582 0.958393
D’ 0.999986 0.757913

Ovo znaci da je relativna frekvencija 0.005582
premala da bi se dostigla ¢vrstoéa na zamor ovog dela
Sipke. Medutim, pod istim brojem ciklusa, ali s relativnom
frekvencijom 0.958393 u delu 2, uticaj odnosa masa na
zamornu ¢&vrstocu je veoma znacajan, sa D =0.757913,
Sto je veoma blizu vrednosti D =0.75799 u JSS sistemu
(videti poglavlje 3.3.2.).

U tabeli 6. uporedo su dati rezultati za tri razli¢ita
dinamicka sistema ¢eli¢ne Sipke.

U RDA sistemu 2, relativno priguSenje dela 1 Sipke je
16.8168%, Sto znacdi da je u stanju VEP deformisanja. U
isto vreme, deo 2 je u viskoelastichom stanju, s
relativnim priguSenjem 0.000209. Zbog toga se moraju
utvrditi dinamicki parametri DSS sistema koji odgovaraju
razli¢itim vrstama dinamicke ravnoteze delova Stapa. To
je predmet sledeceg odeljka.

U radu prvog autora [7], ista celicna Sipka
modelirana je kao jedan RDA sistem, koji na gornjoj
granici teGenja ima relativno prigusenje 4.65%.

This means that relative frequency of 0.005582 is too
small to achieve the fatigue strength for this part of the
rod. However, under the same number of cycles but
relative frequency of 0.958393 in part 2, the influence of
mass ratio on fatigue strength is very significant, with
D'=0.757913 that is very close to D =0.75799 in a SDOF
system, see paragraph 3.3.2.

Table 6 shows comparable results for three different
dynamical systems of steel rod.

In the RDA system 2, the damping coefficient of part
1 of the rod is 16.8168%, which means that it is in the
stage of VEP deforming. At the same time part 2 of the
rod is in the stage of viscoelasticity, having a damping
coefficient of 0.000209. Therefore, dynamical
parameters of the TDOF system which include different
stages of dynamical equilibrium of the rod parts must be
determined. That is the subject of the next section.

In the paper of the first author [7] the same steel rod
is modelled as a single RDA system, which on the upper
yield point has damping coefficient of 4.65%.
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Tabela 6. Dinamicki parametri tri razli¢ita RDA sistema celicne Sipke
Table 6. Dynamic parameters of three different RDA systems of steel rod

10=0.5m, K=119.08x10°N/m, Keq=K/3, m=1.114kg, M=4104kg
1 2
R PR
s Inf2 Phay| |2
RDA sistem ] ':_Klmz i 1 | ez
i B Woakl [z
| m 2 ez
.M [, 2w
w . w; =16883.736 w; =318.210
[rad/s] W=98.365 W2 =98.342 W2'=121.550
. . di =0.005582 di =0.296188
d d=0.958141 d»'=0.958393 dh'=0.775401
_ x:=0.168168 x:=0.002892
X x=0.000260 %2=0.000209 %,=0.001264
. . D, =0.999986 D, =0.963488
D D=0.757930 D,'=0.757913 D,'=0.816232
Ceq=2XVKegMegq _ €1=2236.53 €1=2335.41
[Ns/m] €=209.91 ¢,=238.56 :=1021.71

5 PROJEKTOVANJE VISKOELASTOPLASTICNIH
STAPOVA

5.1 Proveraglobalne konvergencije za razli¢ita VEP
stanja dinamicke ravnoteze

U odeljku 4.3, pokazano je da se za razli¢ite RDA
sisteme za opisivanje iste ¢eliéne Sipke dobijaju razlicite
vrednosti relativnog viskoznog prigusenja u pojedinim
delovima Sipke, u zavisnosti od mesta veSanja mase M.
Na primer, u dinamikom sistemu 2, masa M je na
donjem kraju Sipke i relativno priguSenje ovog dela Sipke
je malo (x2=0.000209), zbog velike vrednosti koli¢nika
prikjuéene mase M i mase dela Sipke,
M/(m/2)=4104/0.557=7368. U istom sistemu gornji deo
Stapa prakticno priguSuje vibracije sistema, s visokim
relativnim  priguSenjem: 0.168168. U sistemu 3
prikljuéena masa podeljena je na dva jednaka dela duz
Sipke, tako da oba dela doprinose prigusenju vibracija
sistema sa znatno viSim relativnim prigusenjima
(0.002892 i 0.001264), zbog daleko povoljnijeg odnosa
mase tega i Sipke (amortizera) (M/2)/(m/2)=2052/0.557=
=3683. Ova relativna priguSenja odgovaraju rezultatima
dobijenim za JSS sistem prikazan na sl. 4.

U dinamic¢kim sistemima 1 i 2 masa M prikacena je
na donjem kraju Stapa, pa su vrednosti kruznih i
relativnih frekvencija na tom kraju priblizno jednake,
uprkos tome Sto je sistem 1 analiziran kao JSS, a sistem
2 kao DSS. Medutim, relativna viskozna priguSenja na
kraju Sipke (0.000260 i 0.000209) medusobno se
razlikuju za 19.62%, dok se na sredini duzine Sipke DSS
sistema javlja veliko relativno viskozno priguSenje:
0.168168. Ovo pokazuje da je gornji deo Sipke sistema 2
u stanju viskoplasti¢nosti, Sto je u suprotnosti s
polaznom pretpostavkom da je cela Sipka viskoelasti¢na.
Iz tog razloga, neophodno je korigovati dinamicke
parametre DSS sistema, kako bi oni, kao pocetni para
odgovarali razlicitim stanjima dinamiCke ravnoteze
delova Stapa. lIterativni postupak, koji sledi, upotrebljen

5 DESIGN OF VISCOELASTOPLASTIC RODS

5.1 Global convergence check for different VEP
stages of dynamic equilibrium

In section 4.3, it was seen that different RDA
systems for describing the same steel rod produce
different values of viscous damping coefficients for its
different parts, depending on the place of suspension of
weight M. For instance, in dynamic system 2 weight M is
at the lower end of the rod and the damping coefficient
of this part of the rod is low (x2=0.000209), because of
the high ratio between the mass of weight M and the
mass of the part of the rod, M/(m/2)=4104/0.557=7368.
In the same system the upper part of the rod practically
engages to damp the vibrations in the system at a
damping coefficient as high as 0.168168. In system 3
the weight mass is divided into two equal parts along the
rod, so both parts participate at considerably higher
damping coefficients (0.002892 and 0.001264), because
the ratio between the masses of the weight and the
damper is far more favourable (M/2)/(m/2)=2052/0.557=
=3683. These damping coefficients correspond to the
results obtained for a SDOF system shown in Fig. 4.

In dynamic systems 1 and 2 weights M is suspended
at the lower end of the rod so the values of circular and
relative frequencies at that end are very approximate,
irrespective of the fact the rod in system 1 was analysed
as a SDOF system, while in system 2 it was analysed as
a TDOF system. However, the discrepancy ratio
between the viscous damping coefficients at the end of
the rod (0.000260 and 0.000209) is 19.62%, while at the
centre of the rod in the TDOF system the viscous
damping coefficient is as high as 0.168168. This shows
that the upper part of the rod in system 2 is in the state
of viscoplasticity, which is in opposition with the initial
hypothesis that the whole rod is viscoelastic. Therefore,
it is necessary to correct the dynamic parameters of a
TDOF model, in order that they, as the initial parameters
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je za proraéun stanja dinamicke ravnoteze za gornji deo
Sipke, koji je uSao u oblast VEP deformacije. Parametar
koji definiSe promene stanja dinamicke ravnoteze jeste
ekvivalentna krutost keq=k/(1+j vp), Sto znali da se VP
koeficijent teCenja mora odrediti za ciljana stanja
dinamicke ravnoteze gornjeg dela Stapa. Ovaj koeficijent
moZe se izracunati koriS¢enjem izraza datog od strane
prvog autora, [7]

correspond to the different states of dynamic equilibrium
of the rod parts. The iterative procedure, which follows,
is used to calculate the state of dynamic equilibrium for
the upper part of the rod, which has undergone VEP
deformation. The parameter defining the fluctuating
states of dynamic equilibrium is the equivalent stiffness
Keq=k/(14j vp), Which means the VP creep coefficient
must be calculated for the targeted condition of dynamic
equilibrium in the upper part of the rod. This coefficient
can be calculated by using the formula given by the first
author, [7]

H — 2,
J vp U/ 2 _i\/gloxeq A(

gde je Xeg=X
jednacinu (44).

Relativno priguSenje prve iteracije je xeq=0.168168,
Sto omogucava prorac¢un, redom: j vp1, Keqs, | 1, | 2, wi,
W, di’, o, X1, i Xo. Relativno prigudenje xi, odredeno u
prvoj iteraciji, koristi se u drugoj iteraciji za sraCunavanje
novog VP koeficijenta te€enja j vp i koeficijenta krutosti
keq- Ovaj postupak ponavija se sve dok razlika izmedu
relativnih  priguSenja, sracunatih u dve uzastopne
iteracije, ne postane zanemarljivo mala. U ovom delu
bi¢e opisan postupak koji se zasniva na proveri globalne
konvergencije. Konkretno, moze se pretpostaviti da su
uslovi dinamicke ravnoteze postignuti ukoliko je

relativno viskozno priguSenje, videti

(e

Qos

11
N

Qos

1

gde e oznac¢ava ukupan broj elemenata (delova) Stapa,
a | | ozna¢ava apsolutnu vrednost. MnoZenje faktorom
100 na levoj strani izraza (69) omogucava da se
usvojeni faktor tolerancije € izrazi kao procentualna
vrednost. Uslov konvergencije (69) tvrdi da se moze
smatrati da je stanje dinamicke ravnoteze postignuto ako
je zbir apsolutnih vrednosti prirastaja relativhog
viskoznog priguSenja bilo kog koraka (n) manji ili jednak
€ puta uvecanoj odgovarajuéoj vrednosti prvog koraka.
Za prakticnu upotrebu je vrednost €<1.0% obi¢no
odgovarajuca.

Dobijeni ulazni dinamicki parametri u dinamickoj
modalnoj analizi odgovaraju razli¢itim  stanjima
dinamicke ravnoteze delova Stapa.

5.2 Stap konstantnog popreénog preseka

Primenu prethodno opisanog postupka za proraun
dinami¢kih parametara Stapova, koji su prosli kroz
razliCita stanja deformacije u konstrukciji, po¢e¢emo na
Stapovima konstantnog poprec¢nog preseka. Ulazni
podaci za prvu iteraciju dati su u tab. 6, a odnose se na
DSS sistem sa oznakom 2. Razmatrace se potpuno
reverzibilno optereéenje, R=-1. Prema datoj geometriji
gornjeg dela Sipke, VEP koeficijent posle prve iteracije je

)

(ox)

o
1-R)

where xeq=X is the viscous damping coefficient, see Eq.
(44).

The damping coefficient in the first iteration is
Xeq=0.168168, allowing to calculate, in the following
order: j vp1, Keqr, 11, 12, W', Wo, di’, do, X1, and xz. The
damping coefficient x; obtained in the first iteration is
used in the second iteration to calculate the new VP
creep coefficient j v, as well as the stiffness coefficient
keq, and this procedure is repeated until the discrepancy
between the damping -coefficients obtained in two
consecutive iterations is negligibly small. In this section,
a procedure based on a global convergence check will
be described. In particular, it may be assumed that
steady state conditions have been achieved if

11 (68)

69
X100 £ el (69)

where e denotes the total number of elements (parts) of
the rod and | | denotes the absolute value. The
multiplication factor of 100 on the left-hand side allows
the specified tolerance factor € to be considered as a
percentage term. The convergence criterion given by Eq.
(69) states that steady state conditions are deemed to
have been achieved if the sum of the absolute values of
the viscous damping coefficient increment for any step
(n) is less than or equal to € times the corresponding
value for the first step. For practical purposes a value of
€<1.0 (i.e. 1%) is generally adequate.

Obtained input dynamic parameters in the dynamic
modal analysis correspond to different states of dynamic
equilibrium of the rod parts.

5.2 Rod with constant cross section

We will begin the application of the previously
described procedure for calculation of dynamic para-
meters of rods, which have undergone different deforma-
tions in the structure, on rods with constant cross
sections. The input data for the first iteration are given in
Tab. 6 and they refer to the TDOF system designated 2.
The fully reversed loading, R=-1, will be considered.
According to the given geometry of the upper part of the
rod, the VEP coefficient after first iteration is
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. 4
Vwpaiz = i\/8 »0.25% >O.168168—O.0192 o
keql = 2k
’ 1+J vp

|,=192536981.1Pp w; =13875.76957,

13875.77

Prema jednacini (63) relativna viskozna priguSenja
su:
j 10, (1-d?)

= S a2 ) =0.138214"
2d; (1+d; +] ;)

1

Dinamicki koeficijenti su:

x4

X, =

-1-1=48.552-1b j, =7.552;

2k

— y

T 8.552

|, =5022.76 b w, =70.8714,

According to Eqg. (63) the viscous damping ratios are:

jad, (1- d;2)

= o 2 =-0.001421
2d, (1+d7 + ;)

Dynamic coefficients are:

=0.999977 -

o =\/(1+7.552)2+O.OO67922 1
vpl

1+0.006792°

(1+2)"+1.33% 1

1+7.552

=0.799278

2 1+1.332 142

Dinamicki koeficijent dela 1 veoma je blizak jedinici.
To znadi da je relativna frekvencija (0.006792) premala
da bi se dostigla ¢vrstoca na zamor ovog dela Sipke.
Medutim, pod istim brojem ciklusa i s relativnom
frekvencijom 1.33 dela 2, uticaj odnosa masa na
zamornu ¢&vrstocu veoma je znacajan, s dinamickim
koeficijentom 0.799278.

Ulazna vrednost relativnog viskoznog priguSenja
gornjeg dela Sipke u drugoj iteraciji jeste 0.138214. U
tabeli 7. su prikazani svi parametri sraCunati u tri
iteracije. MoZe se primetiti da su tri iteracije bile dovoljne
za sraGunavanje dinamickih parametara Sipke
predstavijene kao dinamicki DSS sistem, Ciji delovi trpe
razliite deformacije. Zato su ovi parametri merodavni za
dalju modalnu analizu, koja sada odgovara uobi¢ajenom
postupku linearne dinamicke analize.

Dynamic coefficient of part 1 is very close to 1. This
means that relative frequency of 0.006792 is too small to
achieve the fatigue strength for this part of the rod.
However, under the same number of cycles and with
relative frequency of 1.33 in part 2, the influence of mass
ratio on fatigue strength is very significant, with dynamic
coefficient of 0.799278.

The input value of the viscoplastic coefficient of
viscosity of the upper part of the rod in the second
iteration is 0.138214. Table 7 shows all the parameters
calculated in the three completed iterations and it is seen
that after only three iterations the input parameters were
calculated for the dynamic TDOF system of a rod, which
has undergone different deformations in its different
parts. Thus, they are relevant for the further modal
analysis, which now corresponds to the usual procedure
devised in the linear dynamic analysis.

Tabela 7. Dinamicki parametri po iteraciji za Sipku konstantnog poprecnog preseka
Table 7. Dynamic parameters per iterations for rod with constant cross sections

Iteraqua 1 2 3
Iteration
j wpi 7.552 6.742 6.794
Keq1 2k/8.552 2k/7.742 2k/7.794
|1 192536981.10 197767519.20 197399073.40
[ 5022.76 5401.19 5375.90
Wl* 13875.77 14062.98 14049.88
Wo 70.87 73.49 73.32
df 0.006792 0.006702 0.006708
dz* 1.330000 1.280000 1.285450
X1 0.138214 0.140070 0.139940
X2 -0.001421 -0.001226 -0.001247
Dyp1 0.999977 0.999978 0.999978
D> 0.799278 0.669340 0.668012
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Ciljano stanje dinamicke ravnoteze gornje polovine
Sipke, s relativnim priguSenjem 0.13994 dostignuto je
nakon samo tri iteracije, dok se odgovaraju¢e stanje
dinami¢ke ravnoteze donje polovine postize pri
relativnom priguSenju -0.001247. Negativna vrednost
relativnog priguSenja donje polovine Sipke znadi da ce
se amplituda oscilovanja donje polovine Sipke, pri
zadatoj spoljnoj kruznoj frekvenciji od 94.25rad/s,
kontinuirano povecavati, jer se trenutne (prolazne)
vibracije nec¢e smiriti, zahvaljujuéi mnoZziocu et 1z
aspekta analize Sipke, dobijeni rezultati vibracija DSS
modela su nepovoljini. Glavni razlog za to je
pretpostavljeni konstantan poprec¢ni presek Stapa.

5.3 Stap sa skokovito promenljivim popreénim
presekom

Radi iznalaZzenja odgovaraju¢eg poduznog preseka
DSS modela Sipke, koji ¢e proizvesti ciljane rezultate
oscilacija pod spoljaSnjom pobudom zadate frekvencije,
analizirana je Sipka skokovito promenljivog poprec¢nog
preseka, kao na sl. 14.

LSS EELS,
[2i2
laf
’7 I
[Fz{tj

The targeted state of dynamic equilibrium of the
upper half of the rod with the damping coefficient of
0.13994 was obtained after only three iterations, and the
corresponding state of dynamic equilibrium of the lower
half of the rod has the damping coefficient of -0.001247.
The negative damping coefficient of the lower half of the
rod means that if the given external circular frequency is
94.25rad/s, the lower half of the rod will continuously
increase its oscillation amplitude because the transient
vibrations will not subside due to member e*“" as the
multiplier. From the aspect of analysing the rod, the
obtained vibration results for the TDOF model is
unfavourable. The main reason for this is the
presupposed constant cross section along the length of
the rod.

5.3 Rod with step cross sections

In order to find a longitudinally-shaped model of
TDOF rod, which would produce the targeted oscillation
results for the given external frequency, the step cross
section rod is analysed, as shown in Fig. 14.

R s I

Cag? |:| o keq

- mi
L1
Loy 7 |— ; kaq:'?
’
M
Lz
[

IFz{l}

Slika 14. DSS c¢eli¢na Sipka skokovito promenljivog poprecnog preseka s jednom koncentrisanom masom
Figure 14. TDOF step cross section steel rod with one lumped element of mass

Viskoelasticni RDA DSS sistem: mi=m, my=m/2,
Meq2=M/2+M, ki=4k, ko=2k, j 15j »=j *, prikazan na sl.
14, opterecen je ciklicnim sinusoidalnim optereéenjem
simetri¢nog ciklusa: fr=15Hz i w=94.25rad/s.

x D . TD
Karakteristicna vremena T,, i T, mogu se

The TDOF viscoelastic RDA system: mi=m, my=m/2,
Meqz=M/2+M, ki=4k, ko=2k, j 1=j 2=j ", which is shown in
Fig. 14, is loaded with cyclic sinusoidal loads in a
symmetrical cycle: fe,=15Hz and wg=94.25rad/s.

e D D
The characteristic times T,’, and T,, may be

odrediti iz obtained as follows
.2 2
|1/2:%+27ki 1@+27k29_8k22=(513)£
2m m 48m m g m m
7o, = |t = [ 1 o, TP =0353553T°. T2, =0.707107T2.
Iy, \(5%3)
Odatle je: Thus

d, =T w, =0.00322227,

Prirodne frekvencije su:

|, =213794597.6 b w, =14621.71664,

Odatle sledi da je

d, =T2,w. =0.00644455.
The natural frequencies are:
|,=12894.43 b w, =113.5536 -

Thus
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Prema jednacini (63) relativna viskozna priguSenja
su:

jad(1-d?)

=—2d1* (1+d12 " 1) =0.16662°

1

Dinamicki koeficijenti su:

o \/(1+2)2+O.0064462 1
'\ 1+0.0066446° 1+2

Ponovo, dinamicki koeficijent dela 1 Sipke vrlo je
blizak jedinici, dok je pod istim brojem ciklusa u delu 2
uticaj odnosa masa na zamornu ¢&vrstoéu znacajan, s
dinami¢kim koeficijentom 0.798388.

Dobijene vrednosti relativhog priguSenja pokazuju da
se gornji, proSireni deo Sipke nalazi u viskoplasticnom
stanju, pa je potrebno primeniti iterativni postupak za
iznalazenje odgovaraju¢ih stanja dinamike ravnoteze
delova Sipke. VEP koeficijent te€enja, odreden u prvoj
iteraciji za gornji, proSireni deo Sipke, Cija je povrSina
poprec€nog preseka dvostruko veca, jeste

=0.999982: D, =

_ 9425 _ 0.83-
113.5536

According to Eqg. (63) the viscous damping ratios are:

i o, (1- d;?)

=22\ 2 ) - 0.000805
2d, (1+d? +j ;)

Dynamic coefficients are:

(1+2)°+0.83* 1

. =0.798388
1+0.83° 1+2

Again, the dynamic coefficient of part 1 of the rod is
very close to 1, while under the same number of cycles
in part 2, the influence of mass ratio on fatigue strength
is significant, with dynamic coefficient of 0.798388.

The obtained damping ratios show that expanded
upper part of the rod is viscoplastic and the iterative
procedure should be used to find the corresponding
states of dynamic equilibrium for the rod parts. The VEP
ratio obtained in the first iteration for the expanded upper
part of the rod, whose surface is twice as big, is now

a2 = J_r\/s »0.25% »0.16662

4k 4k
|(eq1 = g [
1+j vp 5.977

1

|, =142804762.7 b w, =11950.09,

Sada je
W 94.25

d =—f=——"""__=0.007887"

w, 11950.09467

Prema jednacini (63) relativna viskozna priguSenja
su:

jad(1-d,?)
1 *

~2d; (1+dZ+j ;) =0.13618°

Dinamicki koeficijenti su:

o _\/(1+4.977)2+0.0078872 1
vl 1+0.007887> 1+4.977

Ciljano stanje dinami¢ke ravnoteze gornjeg dela
Sipke, ¢ije je relativno priguSenje sada 0.13936,
postignuto je nakon samo tri iteracije (videti tab. 8), dok
je odgovarajuce stanje dinamicke ravnoteze donjeg dela
Sipke postignuto pri relativnom prigu$enju 0.000281.

Pozitivno relativno priguSenje donjeg dela Sipke
znaGi da su, pri zadatoj spoljaSnjoj pobudi kruzne
frekvencije 94.25rad/s, oscilacije ovog dela Sipke
stabilne. 1z aspekta analize Sipke, dobijeni rezultati
vibracija DSS modela su sada povoljni. Glavni razlog za
to je pretpostavljeni skokovito promenljiv poprecni
presek Stapa. U tabeli 9. prikazani su parametri VEP
Sipke sa skokovito promenljivim poprecnim presekom,

2>0.019° p x4

X, =

=0.999970° D, = J

-1-1=%5.977-1P j,, =4.977"

2k 2k
1+j° 3

eq2

|, =9689.437 b w, =98.4349

Thus
d; =W = 9425 957485,
w,  98.4349

According to Eqg. (63) the viscous damping ratios are:

j2d,(1-d3?)

= =/ =0.000187"
2d, (1+d; +j ;)

Dynamic coefficients are:

(1+2)° +0.957485% 1

— = =0.758190
1+0.957485% 1+2

The targeted state of dynamic equilibrium of the
upper part of the rod, whose damping coefficient is now
0.13936, is obtained after only three iterations (see Tab.
8), and the corresponding state of dynamic equilibrium of
the lower part of the rod has the damping coefficient of
0.000281.

The positive damping ratio of the lower part of the
rod means that if the given external circular frequency is
94.25rad/s, the oscillations of the lower part of the rod
are now stable. From the aspect of analysing the rod,
the obtained vibration results for the TDOF model are
now favourable, and the main reason for this is the
presupposed step cross section of the rod. Table 9
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merodavni za nastavak postupka modalne analize. Pre
primene modalne analize, moraju se reSiti sledece
obi¢ne diferencijalne jednacine, razdvojene po tonovima:

shows the parameters of the VEP rod with a step cross
section relevant for continuing the modal analysis
procedure. These are the common differential equations
separated according to modes which need to be solved
prior to running the modal analysis:

% (t) +3408.56V, (t) +12229.34%v, (t) =N, (t)

%, (t) +0.05655\, (t) +100.632v, (t) = N, (t)

Tabela 8. Dinamicki parametri po iteraciji za Sipku sa skokovito promenljivim popreé¢nim presekom

Table 8. Dynamic parameters per iterations for rod with step cross sections

Iteraqua 1 2 3
Iteration
Qvp1 4.977 4.387 4.462
Keq1 4k/5.977 4k/5.387 4k/5.462
A 142804762.70 150645806.10 149556802.30
A2 9689.44 10191.82 10125.51
W1 11950.09 12273.79 12229.34
W2 98.43 100.95 100.63
01 0.007887 0.007679 0.007707
[ 0.957485 0.933588 0.936640
&1 0.136180 0.139870 0.139360
[P 0.000187 0.000295 0.000281
Dyp1 0.999970 0.999972 0.999971
D, 0.758190 0.765539 0.764595

Tabela 9. Parametri VEP Sipke sa skokovito promenljivim popreénim presekom
Table 9. Parameters of the VEP rod with step cross sections

lo=0.5m, k=119.08x10°N/m, Keq1'~'=4k/5.462, keqz=2k/3, m=1.114kg, M=4104kg
By W* d* X DVP* Ceq
et |24 lot2
. Deo 1 | 12229.34 | 0.007707 | 0.139360 | 0.999971 | 2747.16
b ke | & |2
J2i
™ - Deo2 | 100.63 | 0.936640 | 0.000281 | 0.764595 | 320.81
1z B

Lokalno oStecenje moze se uvesti putem simulacije
oStecenja, redukcijom krutosti odredenog dela Stapa.
Stoga je ciljana redukcija krutosti dela 1, dobijena nakon
tri iteracije, 5.462.

Local stiffness-type damage may be introduced by
simulating the damage as the reduction of stiffness for
one specific rod part. Thus, targeted reduction of
stiffnress of part 1, which is obtained after three

Oblici vibracija tonova definisani su odnosom iterations, is 5.462.
amplituda: The modal shapes of vibration are defined by the
amplitude ratios:
) 4k 2k 2
2(1) = keql + kqu B mW12 = 5462 " 3 m Xl222934 = 0000169’
F (1) keq2 %
3
ke ke e+ 2K m400.63°
(2) — _eql eq2 2 — 5.462 3 =2.098357"
1(2) keq2 Zik
3

Odavde su svojstveni vektori, @)

Thus the eigenvectors, @ are
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o=fo, o, =5 o
~e’W "0 &0.000169 2.098357H
Pogodno je skalirati svojstvene vektore ® tako da It is convenient to scale the eigenvectors @ such that
zadovolje M- i K- ortogonalnost. I1zaberimo vektore Z, they satisfy the M- and K-orhogonality. Let us choose a
tako da normalizing vectors Zg), such that
Z'MZ =1
Tada je Then

_€0.947403  0.0074381)
& 0.000160 0.015608§

Vektor modalnog optereéenja je The vector of modal loading is
- €0.947403 -0.000160ué O u . é-6.44 ¢ .
N(t)=Z"Fg(t) =& aé (Sin(94.25t) = & sin (94.25t)
€.007438 0.015608 H&402614 %28.39H
Jednacdine su razdvojene, pa su amplitude odgovora The equations are uncoupled so that the amplitudes
u stabilnom stanju: of the steady state response are:
~ N N 1
Alzw—;Deqlzwii — *2:
s C (- o)+ (2x)
-6.44 1

= 2
12229.34 \/(1 0.007707?)" +(2%0.13936 >0.007707)°
= -0.000000043 ¥1.000057 = - 0.000000043m

A :NiD :& 1 =
W22 eq2 W22 \/(1_ d;2)2 +(2X2d; )2
_ 628.39 1

- 2
10063 (1. 0.93664°)" +(2>0.000281:0.93664)’
= 0.06205548.149518 =0.505718m

Amplitude u prvobitnom koordinatnom sistemu su: The amplitudes in terms of the original coordinate
system are:
€0.947403 0.007438u¢ 0.0000000430 _ €0.0037620

A=ZA= 6 =
& 0.000160 0.0156081% 0.505718 H &.007893Y

Stati¢ka pomeranja su: The static displacements are:

Ug, = A 0003762 0.00376Lug, = A, _0.007893 _ 0.000969

D,,, 1.000057 D, 8.149518

eql

_A,-A _0.007893- 0.003762
D 8.149518

=0.000507

D'ISZ

eq2

Odavde su amplitude homogenih vibracija delova 1 i Thus homogeneous strain amplitudes of the rod part
2 Sipke nakon pojave zamora: 1 and 2 after fatigue are:
u " 0.003761
e=—2D,, =

= " 0.999971=0.015045
l, /2 0.25

_ Dug, . _ 0.000507
e, =

= ; 0.764595 = 0.00155
l, /2 0.25

Ako je cela dilatacija e trajno ogranic¢ena, indeks If the whole strain e is permanently restrained,
duktiinog oSte¢enja dela 1 Sipke ima sledecu ductility damage index of the rod part 1 has following
maksimalnu vrednost maximum value
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d1= € -6

_0.015045 - 0.002029 _

eul_e\(

Dinamicki koeficijent D\,pl* dela 1 Sipke vrlo je blizak
jedinici, Sto znaci da zamorna ¢évrsto¢a ovog dela nije
dostignuta. Medutim, nosivost ovog dela moZze biti
znatno pogorsana prisustvom VEP dilatacije, koja dovodi
do lokalne koncentracije napona

- maxI

Sel('l) ple]- ( w )

=9.946134 ><71— 706.18MPa

Faktor lokalne koncentracije napona je 9.95.

Pod istim brojem ciklusa, deo 2 Sipke nalazi se u
stabilnom stanju VE vibracija, sa zamornom ¢&vrsto¢om,
na koju znac¢ajno uti¢e odnos masa,

~0.018257 - 0.002029

Dynamic coefficient D\,pf of the rod part 1 is very
close to one, which means that the fatigue strength of
this part is not achieved. However, the strength of this
part may be seriously aggravated by the presence of
VEP strain leaded to the local stress concentration

9999712{ (4.462- 2)228U1-
.

The local stress concentration factor is 9.95.

Under the same number of cycles, the rod part 2 is in
the VE stage of steady state vibration with the fatigue
strength influenced by the mass ratio

=71}0.
1

S (-1)=s D, =142>0.764595 =108.57MPa

ReSenja za DSS Sipku skokovito promenljivog
popre€nog preseka prikazana su na sl. 15 i uporedena
sa reSenjima dobijenim za jednostavan RDA sistem
prikazan u odeljku 3.3.

The solutions of the TDOF rod with step cross
sections are shown in Fig. 15 and compared with the
solutions of the single RDA system presented in section
3.3.
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Slika 15. ReoloSko-dinamicki odgovor dva RDA sistema celiéne Sipke
Figure 15. Rheological-dynamical response of two RDA systems of steel rod

Jednostavan RDA sistem ima slede¢u amplitudu

The single RDA system has the following amplitude

AlFa 1 _ 40261 1
Kea \J(2-d"2)" +(2xd")’ w (- 0.858147°)" +(2>0.00026 0.958141)’
=0.01237m

Ovaj sistem daje VE amplitudu koja je 12.2 puta
(videti dinamicki faktor uvecanja u odeljku 3.3.2) veéa
od statickog pomeranja dobijenog koriS¢enjem RDA
viskoelasti€nog modela

s, (14 ) +d? 142

This system gives the VE amplitude, which are 12.2
times (see dynamic magnification factor in section 3.3.2)
greater than static displacement obtained using the RDA
viscoelastic model

=0.002029

AT E 1+d?

H

~ 210000

\/(1+ 2)° +0.009114°
1+0.0091142
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us =u(ly) =e,l, =0.002029>0.5 =0.001014m(0.01237 / 0.001014 =12.2)

Odavde sledi

Thus, after fatigue yield

e =e, D" =0.002029>0.75799 = 0.001538,

S e (- l) = S ma

Ovi rezultati su prakticno identi¢ni rezultatima
dobijenim za deo 2 Sipke modelirane kao DSS sistem.
Oni su potvrdili i sve vrednosti sracunate u modalnoj
analizi.

6 ZAKLJUCAK

Prikazana je analiza karakterizacije oSte¢enja
Stapova usled zamora za vremenski zavisne deformacije
materijala linijskih konstrukcija pod cikli¢nim aksijalnim
opterecenjem skokovito promenljive amplitude napona.
Algoritam otkrivanja oSteéenja formulisan je na osnovu
jednostavnog RDA sistema, koji je ranije izveden iz
posebnih ograni¢enja modela kontinuuma koriS¢enjem
principa analogije. Po uzoru na RDA model, uz
odredenu fizicku kalibraciju, modelirana je Celi¢na Sipka
koja se godinama koristi kao prototip u istrazivanjima.

RDA postupak modeliranja svodi materijalno
nelinearne probleme na linearne dinamicke probleme,
¢ime se omogucéava upotreba modalne analize. Za
priguSene konstrukcije najvaznije je odredivanje matrice
priguSenja ili relativnih priguSenja tonova. Stoga, ovaj
rad predlaze modifikaciju koja se moZe jednostavno
integrisati u postojece algoritme modalne analize, a
svodi se na postupak odredivanja relativnog prigusenja
pojedinih delova diskretizovane konstrukcije. Kao Sto je
prikazano na primeru DSS sistema, nacin raspodele
spoljasSnjih masa (opterecenja) duZ sistema, putem
odnosa spoljasSnje mase i mase pojedinih delova
konstrukcije, koji se ponaSaju kao amortizeri, direktno
utice na veli¢inu relativnih priguSenja tih delova, a
indirektno i ostalih delova konstrukcije. Pre upotrebe
iterativnog postupka za koordinaciju razli¢itih stanja
dinamicke ravnoteze diskretizovane konstrukcije, Ciji su
pojedini delovi pretrpeli razli¢ite VEP deformacije,
neophodno je odrediti svojstvene vrednosti RDA modela.
Prema principu analogije, svojstvene vrednosti odreduju
se za neoptereéenu diskretizovanu konstrukciju, Sto
odgovara svojstvenim vrednostima konstrukcije u stanju
kriti€nog priguSenja.

Na osnovu izraza za dva tipa priguSenja, razvijen je
jedan posebno atraktivan postupak za projektovanje
VEP Stapova (amortizera). Koeficijent histerezisnog
priguSenja je funkcija geometrijskin karakteristika
priguSivaca, VP koeficijenta teCenja i oblika ciklicnih
varijacija. Nijedan od ovih faktora, koji utiCu na
amortizere, nije ukljuen u empirijske predloge. Pod
istom relativnom frekvencijom d, klju€an je uticaj odnosa
masa h na dinamicki koeficijent, zamornu ¢vrstoéu i
amplitudu totalne dilatacije..Postupak projektovanja
bazira se na globalnoj proveri konvergencije relativnih
priguSenja tonova. Od mnogih dostupnih pokazatelja
oStecenja, u ovom radu analiziran je samo indeks
duktilnog oStecenja.

D' =142>0.75799 =107.63MPa

These results are practically same as results of the
part 2 of the rod modelled as a TDOF system and they
confirmed all computational values in modal analysis.

6 CONCLUSION

A study of fatigue damage characterization for time-
dependent deformations of material of rod structures
under step cyclic constant amplitudes loading is here
presented. The damage detection algorithm was
formulated from a single RDA system, which has already
been derived from special limits of the continuum model
using the principle of analogy. A steel rod has been
modelled according to the RDA model, with some
physical calibration and used as a prototype in the
research for years.

The RDA modelling technique reduces material
nonlinear problems to linear dynamic problems, which
allows the possibility of using the modal analysis. For
damped structures, the determination of damping matrix
or modal damping coefficient is most important.
Therefore, this paper proposes a modification which can
be simply integrated in the extant modal analysis
algorithms and refers to the procedure of calculating
damping coefficients for the various parts of a
discretised structure. As demonstrated in the case of
TDOF systems, the distribution of external load masses
applied to a structure by means of the ratio between the
load masses and the mass of those parts acting as
dampers, affects directly the damping ratio of those
parts, and indirectly the other parts of the structure.
Before using the iterative procedure to coordinate the
different states of dynamic equilibrium in a discretised
structure, which has undergone different VEP
deformations in its different parts, it is necessary to
obtain the eigenvalues of the RDA model. According to
the principle of analogy, the eigenvalues are calculated
for a discretised structure relieved of external loads,
which represent the eigenvalues for the structure in the
condition of critical damping.

Based on the formulas of the two type of damping,
an especially attractive procedure for the design of the
VEP rods (dampers) is derived. The hysteretic damping
coefficient is a function of the damper geometry, the VP
creep coefficient and the shape of the cyclic variation.
None of these factors, which affect dampers, are
included in empirical proposal. Under the same relative
frequency d, the influence of mass ratio h on dynamic
coefficient, fatigue strength and total strain amplitude is
crucial. A procedure of design is based on a global
check of convergence of modal damping ratios. Among
the many damage indicators available, only the ductility
damage index is analyzed here.
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REZIME

REOLOSKO-DINAMICKI MODEL OSTECENJA
USLED ZAMORA ZA STAPOVE S VREMENSKI
ZAVISNIM PONASANJEM

Dragan D. MILASINOVIC
Danica GOLES

U ovom radu se prikazuje i razmatra novi reolosko-
dinami¢ki model oSteéenja usled zamora Stapova
izlozenih  skokovitim stabilnim periodima ciklicnog
opterec¢enja konstantne amplitude i frekvencije napona.
Temeljni princip, koriSéen u ovom istrazivanju, pri
posmatranju vremenski zavisnog ponaSanja Stapova,
jeste to da su posledice postojanja oSte¢enja promene
svojstava konstrukcije, kao Sto su masa, priguSenje i
krutost. Formulacija se pojednostavljuje zahvaljujudi
ginjenici da masa vecine konstruktivnih Stapova ostaje
nepromenjena. OSteéenje usled zamora, definisano i
kvantifikovano u ovom radu, zasniva se na nekoliko
pokazatelja oStecenja, kao Sto su: koeficijent tecenja,
indeks duktiinog oSteéenja, granica izdrZljivosti,
dinamicki koeficijent i relativno priguSenje tona. Ovaj
algoritam je zapravo taan postupak reSavanja
svojstvenih vrednosti u stanju kritiénog prigusenja, Sto
znadi da ova teorija ne unosi nikakve dodatne greSke u
predvidanje priguSenja Stapova. Detaljno je prikazano
kako sukcesivna primena postupka na sistem s jednom
koncentrisanom masom ili viSe njih moZe dovesti do
mehanizma interakcije izmedu dinamickih koeficijenata i
granice izdrzljivosti. ReoloSko-dinamicka teorija dovodi
do sistema obiénih diferencijalnih jednacina razdvojenih
po tonovima, koje treba reSiti pre sprovodenja modalne
analize.
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SUMMARY

RHEOLOGICAL-DYNAMICAL FATIGUE DAMAGE
MODEL FOR TIME-DEPENDENT BEHAVIOR OF
RODS

Dragan D. MILASINOVIC
Danica GOLES

This paper presents and discusses a new fatigue
damage rheological-dynamical model of rods under step
steady state periods of constant amplitude and
frequency cyclic loading. The fundamental principle for
time-dependent behavior of rods in this study is that the
existence of damage results in the changes in structural
properties, such as mass, damping and stiffness.
Formulation becomes simpler since the mass of most
engineering structural rods remains constant. Fatigue
damage, which is defined and quantified in this paper, is
based on several damage indices like: creep coefficient,
ductility damage index, endurance limit, dynamic
coefficient and modal damping ratio. This algorithm is
actually an exact technique for solving the eigenvalues
in the state of critical damping, which means that this
theory itself did not introduce any additional errors to
predict the damping of rods. It is more specifically
detailed how the successive applications of one or more
lumped element of masses can lead to interaction
mechanisms  between dynamic coefficients and
endurance limits. The rheological-dynamical theory
leads to a set of common differential equations
separated according to modes which need to be solved
prior to running the modal analysis.

Keywords: Ductility damage index; dynamic
coefficient; endurance limit; modal damping ratio; global
convergence check; modal analysis
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LUCNA BRANA “SV.PETKA” U REPUBLICI MAKEDONIJI
ARCH DAM “SV. PETKA” IN R. MACEDONIA

Vladimir SIMONCE

1 uvoD

Brana ,Sv. Petka” nalazi se u kanjonskom delu reke
Treska, otprilike 5,9 km uzvodno od postoje¢e brane
.Matka” i 10,5 km nizvodno od HEPS ,Kozjak”. Od
Skoplja je vazdusnom linijom udaljena oko 30 km.

Oblik re€ne doline koju brana pregraduje otprilike je
simetri¢an, sa strmim obalama; maksimalni nagib na
levoj obali iznosi oko 60°, ana desnoj 50°. Sirina re¢nog
korita iznosi oko 20 m.

U litoloSkom smislu, podrucje lokaliteta brane sastoji
se od prekambrijskih i Riphey-kambrijskih metamorfnih
stena.

Tlo s leve strane od osovine brane sastoji se od
Riphey-kambrijskog belog, sivo-belog i sivog mermera,
uglienog Srilica i meSavine ugljeno-muskovitnog i
feldspatno-muskovitnog Srilica. Tlo s desne obale sastoji
se od prekambrijskog mermera s niskim procentom
liskuna. Re¢ni kanal ispunjen je aluvijalnim nanosom
peska i Sljunka razli¢ite krupnoc¢e i sloja debljine 10-16
m. U pogledu tektonske regionalizacije oblasti, u
strukturama prvog reda izdvajaju se podblokovi -
strukture drugog reda — po Cetiri i s leve i sa desne
strane.

U inZenjersko-geoloskom pogledu, teren se sastoji
od rastresitih stena (aluvijalnih i diluvijalnih sedimenata) i
¢vrsto povezanih petrifikovanih stena (mermer, ugljeni
Skriljac, ugljeno-muskovitni i feldspatni Skriljac).

Prof. dr Vladimir Simonce,
glavni i odgovorni projektant tela brane
Dame Gruev 3/3-20, Skoplje, R.M.

E-mail: vsimonce@yahoo.com

ORIGINALNI NAUCNI RAD
ORIGINAL SCIENTIFIC PAPER
UDK: 627.825(497.7)= 861

1 INTRODUCTION

The dam “Sv. Petka” is located in canyon part of river
Treska, approximately 5.9 km upstream from existing
dam “Matka”, as well as around 10.5 km downstream
from HEPS “Kozjak” on r. Treska. In an airline, that is
distance of around 30 km from Skopje.

River valley which is blocked by the dam has
approximately symmetrical form, with steep strands
whose maximal slopes on the left bank are around 60°
and on the right around 50°. Width of the river channel is
approximately 20.0 m.

The area of dam location, from lithological aspect is
constructed of Precambrian and Riphey-cambrian
metamorphic rocks.

Left side from the axis of the dam is built from
Riphey-cambrian massive white, gray-white and gray
marbles, carbonic schist and complex of carbonic-
muscovite schist and feldspathizated-muscovite schist.
Right bank is built of Precambrian marbles with low
presence of mica and low expressive schistosity-
foliation. The river channel is filled with alluvial drift of
diverse graded sands and gravels with thickness of 10 —
16 m. From aspect of tectonic regionalization of the
area, in the structures of first order, separated are sub-
blocks - structures of second order, of which four on the
left side and four on the right side.

From engineer-geological aspect the terrain is
constructed of unbounded rocks in which group belongs
alluvial and diluvia sediments and firmly bounded
petrified rocks in which group belong marbles, carbonic
schist, carbon-muscovite and feldspathized schists.

Prof. Dr. Vladimir Simonce
Principal Designer Body of the Dam
Dame Gruev 3/3-20, Skopje, R.M.

E-mail: vsimonce@yahoo.com
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S ciliem projektovanja, formirano je nekoliko
inZzenjersko-geoloSkih  modela (IGM), s razliéitim
parametrima, kao Sto su prsline (RQD), kvalitet stenovite
mase (RMR), brzina Sirenja elasticnih talasa,
deformibilnost i smiéuca ¢&vrstoca stenovite mase. U
nivou temelja brane, naj¢eS¢e su zone ¢ija brzina iznosi
oko 4500-5000 m/s, Sto je prema ustanovljenim
korelacijama analogno mediju ¢iji modul deformacije
iznosi Ed =8500-12000 MPa.

Izvedena integralna inZenjersko-geoloSka analiza,
kao skup svih ispitivanja i procena profila brane,
pokazuje da izmedu kompozicije terena i usvojenih
parametara postoji dobar sklad.

2 GEOMETRIJSKE KARAKTERISTIKE BRANE

Luéna brana ,Sv. Petka” je dvostruko zakrivljena
brana — i horizontalno i vertikalno. Geometrija brane
definisana je geometrijom lukova i centralne konzole.
Horizontalne sekcije (lukovi) konstruisani su od pet
centara i sastoje se od tri dela: jednog unutrasnjeg
(centralnog) dela konstantne debljine i dva spoljna dela
(levog i desnog) promenljive debljine, koja se blago Siri
prema petama lukova. Uzvodna i nizvodna strana imaju
razliCite centre i radijuse zakrivljenja. Vertikalne sekcije
(konzole) promenljive su debljine, a nizvodna i uzvodna
strana centralne konzole izvedena je kruznim linijama.

Kruna brane nalazi se na 364 m nadmorske visine,
dok se najniza tac¢ka, na dnu brane, nalazi na 300 m —
dakle, visina iznosi 64 m. Debljina brane u kruni
centralne konzole iznosi 2 m i na toj koti je konstantna,
dok na koti od 300 m nadmorske visine iznosi 10 m.
Struktura brane razdvojena je radijalnim spojnicama, za
koje je izvedena kompletna matemati¢ka definicija.

Koli¢ina ugradenog betona iznosi 27362 m?. Preliv je
Sahtni.

Na slikama 1 i 2 prikazani su razvijeni poduzni profil i
definicija centralne konzole.

For the design, more engineer-geological models
(IGM) by different parameters are formed, such as
cracks (RQD), quality of the rocky mass (RMR), speed
of stretching of the elastic waves, deformability and
shearing strength of the rocky mass. The zones with
velocities of approximately 4500 — 5000 m/sec are
mostly represented at the level of foundation of the dam
which is analogue to the medium with module of
deformations Ed = 8500 — 12000 MPa by the
established correlations.

Constructed Integral engineer-geological section as
collective of all investigations and assessments of the
profile of the dam shows that generally good agreement
between the composition and assembly of the terrain
with the necessary parameters exists.

2 GEOMETRY OF THE DAM

Arch dam “Sv. Petka” is with double curvature,
curved in horizontal and vertical direction. Geometry of
the dam is defined with the geometry of the arches and
the central cantilever. Horizontal sections — arches are
constructed of 3 centres and consist of three parts:
interior (central) — with constant thickness and two
exterior, left and right, which are with variable thickness
that mildly widen toward the heels of the arches. The
upstream and downstream face has different centres
and radius of the curvature. Vertical sections -
cantilevers are with variable thickness and the upstream
and downstream face of the central cantilever is
constructed by circular lines.

Elevation of the crown of the dam is at 364.0 m.a.s.l.,
lowest elevation at the bottom is 300.0 m.a.s.l., so the
construction height measures 64.0 m. Dam thickness at
the crown of the central cantilever is 2.0 m and it is
constant at this elevation; it is 10.0 m at elevation of 300
m.a.s.l.. The body of the dam is separated with radial
contraction joints, for which complete mathematical
definition is conducted.

The embedded concrete volume, measures 27
362 m°. A morning glory spillway is associated with the
arch dam.

Developed longitudinal profile and definition of the
central cantilever are given on Figures 1 and 2.

}Elcckq Block 8 | Block7 | Block6 | Block5| Block4| Block 3 | Block 2 |Block 3
I I

95 , 14, 14 14 6,6

Il

[l

Slika 1. Razvijeni profil ekstradosa, centralne povrSine i intradosa brane
Fig.1. Developed profile following the sections at Extrados, middle and intrados of the dam
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Slika 2. Definicija glavhog poprecnog preseka brane
Fig. 2. Definition of main cross-section of the dam

3 PARAMETRI PRORACUNA

U proracunu su koriSéeni slede¢i parametri:

- Specifi¢na teZina vode guoda = 10 kN/m®

- Specifiéna tezina betona goeton = 24 kN/m®

- Modul elastlcnostl betona za staticko opterecenje
Epeton = 31,5 x 10% kN/m?

- Modul deformacije betona za staticko opterecenje
Ebeton = 22 x 106 kN/I”n2

- Modul deformacije betona
opterecenije Epeton = 28,6 x 10° kN/m?

- Modul deformacije stene za statiCko opterecenje:
u izveStaju o ispitivanju, moduli staticke deformacije
definisani su u Sest pseudohomogenih zona, koje se
krecu u slede¢im granicama: 1000-2200; 2200-3800;
3800-6500; 6500-8500; 8500-12000; 12000-18000
MPa.

Modul deformacije stene u matematickom modelu
dobijen je na osnovu toga gde se ona nalazi u
geoloSkom profilu.

- Modul deformacije stene
opterecenje povecan je za 30%.

- Poisson-ov koeficijent za beton iznosi n; = 0,2 za
stenu n. = 0,24, gravitaciono ubrzanje iznosi g = 9,81
m/s?, dok je koeficijent termiCke ekspanzije betona o =
9,0 x 10°°C.

- Propisana je marka betona MB30, pritisne
&vrstoée f. = 30000 kN/m? i zatezne &vrstode f, = f./10 =
3000 kN/m?.

za dinamicko

na dinami¢ko

4 OPTERECENJA

Tezina brane primenjena je u dva modela: na
nezavisnim konzolama bez luénog dejstva — to jest
simuliraju¢i proces gradenja i na monolithu luéno-
gravitacionu konstrukciju nakon injektiranja spojnica.

Analize na hidrostaticki pritisak uradene su za dva
nivoa akumulacije: 357,30 m nadmorske visine (normalni
nivo vode) i 364 m nadmorske visine, kada visina vode
dostigne nivo krune. Nivo vode u visini krune predstavlja
hipoteticki slu¢aj (brana nije prelivna) i €esto se koristi u
analizi betonskih brana.

3 PARAMETERS IN THE CALCULATION

In calculations are used:

- Specific weight for water gwater = 10.0 kN/m?®

- Specific weight for concrete gconc= 24.0 kN/m?*

- Modulus of elasticity of concrete for static loading
E conc = 31.5110° kN/m”

- Modulus of deformation of concrete for static
loading E conc = 22.0 1 10° kN/m?

- Modulus of deformation of concrete for dynamic
loading E conc = 28.6 1 10° kN/m?

- Modulus of deformation of the rock for static
loading: in the Investigation report, static modules of
deformations are defined in six pseudo-homogenous
zones. They are in the limits of: 1000 - 2200 Mpa; 2200
— 3800; 3800 — 6500; 6500 — 8500; 8500 — 12000;
12000 - 18000 Mpa.

Module of deformations in the mathematical model of
the rock is acquired depending from its own location in
geological profile.

- Module of deformations of the rock for dynamic
loadings is enlarged for 30%.

- Poisson‘s ratio for concrete is n. = 0.2, for rock

- = 0.24, acceleration of gravity g = 9.81 m/sec’
and coeff|C|ent of thermal expansion of concrete a; = 9.0
110°°C.

- It is prescribed class of concrete MB30 with
compressive strength f. = 30000 kN/m and
tensile strength f; = f./10 = 3000 kN/m”.

4 LOADS

Self-weight is applied in two design models:
independent cantilevers with absence of arch action —
that is simulating process of constructing and monolithic
arch-gravity structure in the phase after joint grouting.
Analyzes are conducted for two elevation of the
reservoir: elevation 357.30 m.a.s.l. (normal level), and
elevation 364.00 m.a.s.l. water at level of the crown of
dam. Water elevation at the level of the dam crown (364
m.a.s.l.) is hypothetical case (the dam is non-
overflowing) and it has common use in the analysis of
concrete dams.

GRADEVINSKI MATERIJALI | KONSTRUKCIJE 55 (2012) 3 (37-54)

BUILDING MATERIALS AND STRUCTURES 55 (2012) 3 (37-54)

39



Temperaturna opterecenja kod luénih  brana
proizlaze iz razlike u temperaturi pri kojoj se spojnice
injektiraju, to jest struktura brane monolitizuje, kao i zbog
temperature betona tokom eksploatacije objekta.

Distribucija  temperature po  debljini  brane
prvenstveno zavisi od debljine. Kod tankih luénih brana,
kao Sto je brana ,Sv. Petka”, realno je pretpostaviti da
postoji linearna distribucija temperature od uzvodne
strane ka nizvodnoj strani. Linearnu distribuciju
temperature moguce je dobiti uproSéenom metodom [1]
ili pomoéu metode konacnih elemenata (FEM). Za ovaj
tip brane zadovoljavajuci pristup predstavlja uproS¢ena
metoda, koja se C&esto koristi i kod debelih brana.
Temperaturna analiza ovom metodom opisana je u [1] i
kao takva koriS¢ena je i u sluaju ove brane. Prilikom
koriS¢enja ove metode, neophodno je odrediti
temperaturu sredine, temperaturu vode u akumulaciji,
kao i efekte sunevog zracenja.

Za odredivanje temperature vazduha potrebno je
proceniti cikluse prose¢ne temperature na dnevnom i
godiSnjem nivou.

Osim ova dva temperaturna ciklusa, koristi se i jo$
jedan - treéi. On se odnosi na maksimalne i minimalne
temperature vazduha na lokalitetu i traje 15 dana. U
prora¢unima €iji je cilj odredivanje temperature betona, ti
ciklusi prikazani su u obliku sinusoidnih talasa. Za
odredivanje temperaturnih opterec¢enja potrebni su
sledeéi podaci:

(a) srednje mesecne temperature (maksimalna,
mainimalna i prosecna);

(b) srednje godiSnje temperature;

(c) najviSa zabeleZzena temperatura;

(d) najniza zabelezena temperatura.

Radi odredivanja temperaturnih ciklusa brane ,Sv.
Petka”, analizirani su meteoroloSki podaci iz tri najblize
hidrometeoroloSke stanice: ,Makedonski Brod”, ,Skopje-
Petrovec” i , Tetovo”. Obradeni su podaci za period od
trideset godina (1960- 1990).

Za analizu brane ,Sv. Petka” koriSéene su
temperature vode u postojecoj akumulaciji ,Matka”
(izmedu 1971. i 1988), koja se nalazi 5,9 km nizvodno i
dobijen je dijapazon ekstremnih temperaturnih vrednosti
u letnjim i zimskim uslovima, uz male korekcije letnje
temperature u gornjim slojevima vode u akumulaciji.

Zbog nepostojanja izmerenih podataka o sunéevom
zraCenju, usvojeni su podaci iz literature, prema kojima
suncevo zracenje povecava temperaturu betona za od
0,5do 1°C.

U skladu s metodom koja je predlozena u [1,2,3], te
metodologije koju je Biro za reklamacije opisao u [4],
izvrSeni su neophodni proraduni za odredivanje
temperature betona za tri karakteristiCna ciklusa u tri
navedene meteoroloSke stanice. U prorac¢unima koji su
opisani u daljem tekstu koriSéeni su rezultati dobijeni iz
meteoroloSke stanice ,Makedonski Brod”, uzimajuéi u
obzir i gradijente koji postoje izmedu uzvodne i nizvodne
strane brane.

Sa Instituta za zemjotresno inZenjerstvo i inZzenjersku
seizmologiju Univerziteta Sveti Kiril i Metodij iz Skoplja
dobijeni su specifiéni seizmi¢ki parametri za
projektovanje brane ,Sv. Petka”. Projektna ubrzanja u
nivou temelja za amortizacioni period od 200 godina
data su na sledeci nacin:

Temperature loads at arch dams are as result of the
difference between the temperatures at which joints are
grouted, i.e. monolithize the body of dam, and tempe-
rature in the concrete during exploitation of the object.

Temperature distribution along the thickness of the
dam primary depends on its own thickness. For thin arch
dams, such as “Sv, Petka”, real approximation is linear
distribution of temperature from the upstream face
toward downstream face. Linear temperature distribution
can be obtained by simplified method [1] or by the finite
element method (FEM). For this kind of thin dam quite
satisfactory approach is the simplified method, which is
very often used also for thick dams. Temperature
analysis using simplified method described in [1] is used
for this dam. For conduction of this method it is
necessary to determine ambient temperature, reservoir
water temperature and solar radiation effect.

For determination of the air temperature, estimates of
the mean-daily and mean-annual air cycles are needed.

Beside these two temperature cycles, a third
temperature cycle is also used to account for the
maximum and minimum air temperatures at the site.
This cycle is in period of 15 days. In the calculations for
determination of concrete temperature, these cycles are
presented as sine waves. For determination of
temperature loads following data are necessary:

(a) Mean-monthly temperatures (maximum,
minimum and average)

(b) Mean-annual temperatures

(c) Highest recorded temperature

(d) Lowest recorded temperature

For determination of temperature cycles of the dam
“Sv. Petka” meteorological data of the three nearest
hydro-meteorological  stations “Makedonski  Brod”,
“Skopje-Petrovec” and “Tetovo” are analyzed.
Necessary data over the period from 1960 to 1990, i.e.
30 years long period, are processed.

For analysis of the dam “Sv. Petka”, measured
temperatures of the water in the existing reservoir
“Matka”, that is 5.9 km downstream from “Sv. Petka”,
over the period from 1971 to 1988 are used. With small
corrections of the summer temperature in the upper
water layers of the reservoir, diapason of extreme
temperatures during summer and winter conditions is
acquired.

In absence of measured data for solar radiation, in
literature, it is quoted that it increases the concrete
temperature with order of magnitude from 0.5 till 1.0°C.

All necessary calculations for determination of the
temperatures in the concrete for the three characteristic
cycles of all three meteorological stations are performed
by the method that is suggested in [1,2,3] and described
in [4] by Bureau of Reclamation. In the following
calculations results obtained from the meteorological
station “Makedonski Brod” are wused, taking in
consideration also the gradients that exist between
upstream and downstream face of the dam.

The Institute for Earthquake Engineering and
Engineering Seismology at the University "St. Cyril and
Methodius" - Skopje specified and designed seismic
parameters for the dam "Sv. Petka".

Design accelerations at the level of basic rock for
amortization period of 200 years are given as it follows:

- for Design earthquake Z1 with level of acceptable
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- Za projektni zemljotres Z1 sa stepenom
prihvatljivog seizmi¢kog rizika od 30%, maksimalno
projektno horizontalno ubrzanje iznosi amaks= 0.25g;

- Za projektni zemljotres Z2 sa stepenom
prihvatljivog seizmi¢kog rizika od 10%, maksimalno
projektno horizontalno ubrzanje iznosi amaks= 0.35g.

Radi analize seizmi¢ke stabilnosti brane ,Sv. Petka”,
predlozena je primena spektralne analize i praéenje
vremenske istorije ubrzanja sledecih registrovanih
zemljotresa:

- Albatros (AL), Ulcinj, registrovan na steni tokom
zemljotresa u Crnoj Gori 1979. godine, magnitude
M=7,0;

- Robic, registrovan na steni tokom zemljotresa u
Furlaniji (Severna ltalija), magnitude M=6,1;

- El Centro, SAD (1940), magnitude M=6,1.

Na osnovu prethodno navedenog, dobijene su
komponente N-S i E-W. Kombinacije optereéenja
dobijene su na osnovu Priru¢nika za projektovanje lu¢nih
brana [1].

5 MATEMATICKI PRORACUNSKI MODEL

Brana ,Sv. Petka” analizirana je FEM metodom kao
linearno elasti¢na kontinualna struktura. Shodno tome,
pretpostavljeno je da se u uslovima stati¢kih i dinamickih
opterecenja ponasa na monoliti¢an nacin. Analiza je
uradena na osnovu sledecih pretpostavki.

5.1 Pretpostavka modela

Konstrukcija brane je idealizovana kao sklop dva tipa
elemenata. U unutraSnjem regionu koriSéeni su debeli
povrSinski elementi sa 16 ¢&vorova (132 e€l.), a u
regionima uz obale — trodimenzionalni elementi sa po 16
¢vorova (50 el.). Kod oba tipa postoje nepravilni elementi
trouglastog oblika. Stenoviti temelj modeliran je pomocu
trodimenzionalnih elemenata od kojih svaki ima po 8
6vorova (338 el.). Zahvaljujuéi tim elementima, brana
doseze do dubine od jedne njene visine. Brana i njen
temelj su idealizovani kao sklop konaénih elemenata sa
1742 ¢vora sa ukupno 5226 stepeni slobode.

5.2 Pretpostavka interakcije izmedu brane i temelja

Interakcija izmedu brane i njenog temelja ostvarena
je ukljuéivanjem odgovarajuéeg dela stene u mrezu
konac¢nih elemenata. Efekti inercije i priguSivanja
stenovitog temelja su ignorisani, a razmatrana je samo
fleksibilnost. PoSto se elementi generiSu automatski,
uzeto je da dolina ima profil prizme. Granica ovog sloja u
analizi dobijena je u dubini jedne visine brane i daje
polukrug u ravni normalnoj na dodirnu tacku brane i
njenog temelja.

5.3 Pretpostavka interakcije izmedu brane i vode u
akumulaciji

Inercijalni efekti vode u akumulaciji, kao posledice
seizmiCkog  optereéenja, predstavljeni su  kao
ekvivalentna masa koja se dodaje masi betona u
dinamickoj analizi. Za odredivanje inercijalnih efekata,

seismic risk of 30%, maximum design horizontal
acceleration is specified with amax(g)= 0.25

- for Design earthquake Z2 with level of acceptable
seismic risk of 10%, maximum design horizontal
acceleration is specified with amax(g)= 0.35

Response spectra concept and time-history analysis
of the following cases of registered earthquakes are
suggested for the analysis of seismic stability of the dam
"Sv.Petka" such as:

- Albatros (AL), Ulcinj, registered on rock during the
earthquake in Montenegro on 15/04/1979 with
magnitude M=7.0

- Robich, registered on rock during the earthquake
in Furlanija — North Italy with magnitude M=6.1

- El Centro, U.S.A,, in 1940, with magnitude M=6.1

Taking this in consideration, components N-S and E-
W are given.

Loading combinations are acquired according to
Manual for designing arch dams [1].

5 MATHEMATICAL MODEL FOR CALCULATION

Dam "Sv. Petka" is analyzed by FEM as linear elastic
continuous structure. Taking this in consideration, its
monolithic behaviour on static and dynamic loads is
assumed. Analysis process according to following
assumptions:

5.1 Assumption for the model

The body of the dam is idealized as an assemblage
of two types of elements. In the internal region, thick
shell elements with 16 node points (132 el.), and in the
regions near the abutments, three-dimensional shell
elements each with 16 node points (50 el.) are used. In
both types degenerated elements with triangle shape
exist. Foundation rock is created with three-dimensional
elements each with 8 node points (338 el.). These
elements extend in the foundation in depth of one height
of the dam. The dam and the foundation are idealized as
an assemblage of finite elements with 1742 node points
with total 5 226 degrees of freedom.

5.2 Assumption for interaction between the dam
and the base

Influence of the interaction between dam and the
base is accomplished by involving of appropriate part of
the rock in the mesh of finite elements. The inertial and
damping effects of the foundation rock are ignored and
only its flexibility is considered. Because of automatic
generating of elements, it is assumed prismatic profile of
the valley. The border of this layer in conducted analysis
is acquired in depth of one height of the dam and is
constructed as half circle in plane normal to the contact
dam-foundation.

5.3 Assumption for interaction between the dam
and the reservoir water

The inertial effects of the water in the reservoir due
to seismic loading are represented by equivalent added-
mass which is added to the mass of the concrete for
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voda u akumulaciji je idealizovana kona¢nim elementima
nestisljive teCnosti na udaljenosti od oko tri visine brane.

Tokom odredivanja deformacije i naponskog stanja,
nailazimo na dva problema: pretpostavke su
nepouzdane, a podaci nedovoljni. Cak i pri donoSenju
relativno jednostavnih  pretpostavki, postoje veliki
problemi u pogledu interpretacije rezultata i specifikacije
kriterijuma projektovanja za usvajanje analize. Ovde se
obiéno namece problem velikih napona koji se javljaju u
blizini ,singulariteta” ili ,uglova”, u slu¢ajevima kada se u
analizi koriste modeli linearno-elastiénog ponaSanja. U
matematiCkom modelu koji je dobijen za analizu brane
.SV. Petka” i koji predstavlja derivat obimnih istrazivanja i
modifikacija, ne postoje ,singulariteti” — ti modeli daju
realne, kontinualne rezultate.

Sve stati¢ke i dinami¢ke analize brane ,Sv. Petka”
obavljene su pomocu softverskog paketa EADAP
(Enhanced Arch Dam Analysis Program). S ciljem
graficke prezentacije idealizacije, napravijen je poseban
softverski program. U svrhu programa INCRES (za
dodatnu masu) koji je integralni deo paketa, napravljen
je jedan pretprocesor, dok je i za tabele u kojima se
prikazuju rezultati zasebnih faza proraduna takode
napravljen poseban softver.

6 DINAMICKA ANALIZA

PonaSanje betonske Iuéne brane, u uslovima
optere¢enja zemljotresom, odredeno je pomocu
trodimenzionalne linearno-elasti¢ne analize, uz
koriS¢enje metode konacnih elemenata. Model obuhvata
efekte interakcije izmedu brane i stene u njenom
temelju, kao i brane i vode u akumulaciji. Model koji se
koristi za dinami¢ku analizu brane ,Sv. Petka” isti je kao i
model koji je koriS¢en za analizu statickih uticaja. Kao
ulazni podaci, koriS¢ene su tri komponente seizmi¢kog
delovanja.

Tokom analize ponaSanja brane ,Sv. Petka” u
uslovima zemljotresa Z1, koriS¢eno je priguSenje od 5%,
a u uslovima zemljotresa Z2 priguSenje od 10%.

Za odredivanje uticaja priguSenja na stanje napona i
deformacija, za zemljotres Z1 koriSéena je analiza s
priguSenjem od 7%, a za zemljotres Z2 — od 12%.

Prilikom procene uticaja zemljotresa na branu ,Sv.
Petka”, kao prvi korak koriSéena je metoda spektralne
analize. Dinamicki naponi kombinovani su sa statickim
naponima u kombinacijama primarnih optere¢enja i
rezultati su uporedeni s dozvoljenim vrednostima.
Prekoraenja granice dozvoljenog napona zatezanja,
dobijena spektralnom analizom, namecu potrebu za
rigoroznijom analizom - analizom vremenske istorije.
Pracanjem istorije ubrzanja tokom odredenog perioda,
dolazimo do dodatnih informacija potrebnih za procenu
bezbednosti brane, kao $to su simultano pojavljivanje
velikih napona u viSe zona, duzina njihovog trajanja i
uCestalost pojavijivanja. Uzimaju¢i sve to u obzir, u
slede¢cem koraku izvrSena je dinamicka linearno-
elasticna analiza, uz pracenje ponaSanja brane putem
istorije ubrzanja tri gorenavedena zemljotresa Z1 i Z2
(Albatros, Robi¢ i El Centro). IzraCunati su maksimalni
naponi u svim tackama modela u istoriji viemena za koje
su data ubrzanja, te su kombinovani sa statickim
naponima. Odredeno je i vreme pojavljivanja
maksimalnih napona, a za karakteristicne tacke odreden
je odgovaraju¢i napon sa suprotne strane zida. Osim

dynamic analysis. For their determination, the reservoir
water is idealized by finite elements of incompressible
liquid at distance approximately of three heights of the
dam.

During determination of deformation and stress state,
we encounter two types of problems: unreliable
assumptions that are being established, as well as
insufficiency of appropriate data. Even by establishing
of relatively simple assumptions in analysis, question of
interpretation of the results and specification of design
criteria.  for acceptance of analysis, encounters
considerable difficulties. Here, typical is the question for
the huge stresses that appear near the “singularities” or
“angles” in cases when in the analysis are being used
models with linear elastic behaviour. Acquired
mathematical model for analysis of the dam Vs. Petra,
which is derivate as a result of large amount of
researches and modifications, is released of
“singularities” and give real continuous results.

All static and dynamic analysis of the dam "Sv.
Petka", are conducted with software package EADAP
(Enhanced Arch Dam Analysis Program). Furthermore,
new software has been made for graphic presentation of
idealization. Also, pre-processor has been made for the
programme INCRES (for added-mass) as an integral
part of the package, as well as a software for table
presentation of the results of the outcomes of the
separate phases of calculations.

6 DYNAMIC ANALYSIS

Behaviour of the concrete arch dam to earthquake
loads is determined with three-dimensional linear-elastic
analysis using the finite element method. Model includes
effects of the interaction between the dam and the rock
in the foundation, and the dam with the reservoir water.
Acquired model for dynamic analysis of dam "Sv. Petka"
is the same as the one that is used to analyse dam on
static influences. Three components of seismic action
are used as entry data.

During the analysis of the dam “Sv. Petka” for
earthquake Z1 damping of 5% from critical is used, and
for earthquake Z2 10% from critical.

For determination of the influence of damping on the
state of stresses and deformations, analysis for damping
of 7 % for earthquake Z1 as well as for damping of 12 %
for earthquake Z2, is used.

Method of spectral analysis is implemented as the
first step in estimating earthquake influence on dam “Sv.
Petka”. Dynamic stresses are combined with static
stresses in usual loading combinations and compared
with allowed values. Exceed above the allowed tension
stress obtained from spectral analysis are imposing
necessity for more rigorous analysis — time history
analysis. Following the history of accelerations during
time period allows additional information for estimation of
safety of the dam, such as: simultaneous appearance of
high stresses in several zones, length of their duration
and frequency of it appearance. Taking this in
consideration, dynamic linear-elastic analysis following
the response of the dam on the history of accelerations
of the three given earthquakes Z1 and Z2 (Albatros,
Robic, El Centro) has been conducted in the next step.
Maximum stresses are calculated in all points of the
model in the history of time in which are given the
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odredivanja maksimalnih vrednosti napona, ova metoda
omogucuje i istovremeno odredivanje prekoracenja
zadate vrednosti napona, Kkoji ovde predstavija
dozvoljeni zatezni napon. Na osnovu ove analize,
mozemo zakljuciti da li prekoracenja predstavljaju
izolovane pojave ili se ponavljaju na velikoj povrSini
brane. ProraCuni pokazuju da mali deo prekoracenja
predstavlja izolovanu pojavu.

7 KRITERIJUMI PROCENE REZULTATA

Kod betonskih luénih brana, stabilnost se uglavnom
procenjuje na osnovu kriterjuma za maksimalno
dozvoljene napone pritiska i zatezanja, i stabilnosti
obalnih delova. Kriterijumi projektovanja luéne brane
«SV. Petka” dobijeni su na osnovu [1], i za pojedinacne
kombinacije  opterecenja oni  definiSu  zasebne
koeficijente bezbednosti.

Dozvoljeni napon pritiska zavisi od pritisne ¢vrstoce i
kombinacije opterecenja. Na osnovu dobuene marke
betona MB30 (f.=30 MPa, t.j. 30 000 kN/m?), dozvoljeni
naponi pritiska kod statickog opterec¢enja iznose:

- Staticki uobicajeni (SU) - fo =f. /4= 7500 kN/m?

- Stati¢ki neuobicajeni (SNU) - fo =f; /2,5 = 12 000
kN/m?*

- Statiki ekstremni (SE) - f. = f. / 1.5 = 20 000
kN/m? ,

Zatezna ¢&vrstoca betona (f;) zasnovana je na testu
cepanja zatezanjem betona koji ¢e se ugraditi u branu. U
nedostatku rezultata testova, za vrednost fi moze se
uzeti 10 % vrednosti pritisne Cvrstoce fc, drugim rec¢ima
- fi = f./10. Ova vrednost zasnovana je na brojnim
testovima izvrSenim na brani ,Portugues” (USAED,
Jacksonville, 1988) konzistentna je s Rafaelovim
testovima (1984). Sigurnosni koeficijenti zasnovani su na
sveobuhvatnim ispitivanjima na terenu i u laboratoriji.

Dozvoljeni nafon zatezanja za beton marke MB30
iznosi 3000 KN/m~.

Kod dinamickih optereéenja, dozvoljeni naponi
pritiska i zatezanja povecavaju se za 30%.

Dozvoljeni naponi pritiska: '

* Dinamicki uobi¢ajeni (DU) - fc = feg / 2.5 = 15600
kN/m?*

- Dinamicki ekstremni (DE) - fc = fed / 1.5 = 26000
kN/m?*

- Kod dinami¢kog opterecenja, dozvoljeni napon
zatezanja iznosi 1.3 x 3000 = 3900 kN/m?

Dozvoljeni napon zatezanja jednak je zateznoj
évrsto¢i betona, Sto ukazuje na to da je koeficijenat
sigurnosti jednak 1.

Naponi zatezanja u modelu imaju mali uticaj na
ponaSanje lu¢nih brana. U sprovedenoj linearno--
elastic":noj analizi, ove vrednosti koriSc¢ene Su za procenu
da upozore na neophodnost ukljuéivanja prslina u
model.

Rafaelova (1984), kao i druga istrazivanja, pokazuju
da je izmerenu zateznu C¢&vrstoéu betona potrebno
povecati koeficijentom komparabilnosti s rezultatima
linearno-elasti¢ne FEM analize.

accelerations, and they are combined with the static
stresses. Time of appearance of maximum stresses is
determined and for characteristic points - appropriate
stress of the opposite face. This method allows not only
determination of maximal values of stresses but at the
same time determination of number of excursions over
specified value of the stress, which is allowable tension
stress here. Due to this analysis we can conclude
weather excursions are isolated exceptions or they
appear repetitive at the considerable surface of the dam.
Calculations show, that few exceed are entirely isolated
phenomenon.

7 CRITERION FOR ESTIMATION OF THE RESULTS

In concrete arch dams estimation of stability mainly
is made according to the criteria for maximal allowed
compressive and tension stresses and stability of the
banks. Design criteria of arch dam "Sv. Petka" are
acquired according to [1] and for individual loading
combinations they define separate coefficient of safety.

Allowed  compressive stress depends on
compressive strength and loading combination. Acquired
class of concrete MB30 that is fc'=30 MPa, i.e., 30 000
kN/m2, allowed compressive stress for static loadings
such as: ,

- Static Usual (SU)  fo=f. /4=7500 kN/m*

- Static Unusual (SNU) f. = f. / 2.5 = 12 000 kN/m?

- Static Extreme (SE) f.=f /1.5 = 20 000 kN/m*

Tensile strength of the concrete, f;, is based on the
splitting test for tension of the concrete that will be built-
inin the dam. In lack of test results, for value of f, can be
used 10% from compressive strength fc, in other words,
f, = f./10. This value is based on large amount of testing,
performed in the dam Portuguese (USAED, Jacksonville,
1988) and is consistent with Raphael testing (1984).
Safety factors are based on extensive terrain and
laboratory investigations.

For class of concrete MB30 allowed tensile stress
measures 3000 kN/m?.

For dynamic loads allowed compressive and tension
stresses are increasing for 30%.

- Allowed compressive stresses for:

- Dynamic Usual (DU) fc = fcq / 2.5 = 15 600 kN/m?

- Dynamic Extreme (DE) f. = fea / 1.5 = 26000
kN/m?*

- For dynamic loadings allowed tension stress
measures 1.31 3 000 = 3 900 kN/m®,

Allowable tensile stress is equal to tensile strength of
the concrete, which indicate that factor of safety
measures one.

Tensile stresses in the evaluated model have small
influence on the behaviour of arch dams. These values
in conducted linear-elastic analysis, use as information
to estimate the behaviour of the dam.

They do not have large physical significance, but can
warn about the necessity of including the cracks in the
model.

Raphael’s investigations (1984), as well as other
investigators show that the measured tensile strength in
the concrete should be enlarged with coefficient of
comparability with the results of the linear elastic
analysis by FEM.
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Slika 3. o-e dijagram (Raphael, 1984)
Fig. 3 Diagram o-e (Raphael 1984)

Na slici 3 prikazan je Rafaelov o-e dijagram (1984)
na kojem su prezentovani rezultati testa i FEM analize
(linearno-elasti¢ni model).

1z laboratorijskog testa se vidi da krivulja o-e nije
proporcionalna deformacijama tokom celokupnog testa.
U FEM modelu pretpostavlja se postojanje linearne
zavisnosti tokom celokupnog testa.

Na osnovu rezultata Rafaelovog testa cepanja, €iji je
cilj odredivanje zatezne &vrstoée, zatezna &vrstoca u
FEM modelu moze se dobiti na osnovu izmerene
zatezne c&vrstoée, pomnozene sa 1.35. Ovaj koncept
vazi kako za stati¢ka, tako i za dinamicka opterecenja.

Ovi dokazi i €injenice mogu se uzeti kao elementi koji
jacaju sigurnost brane ,Sv. Petka”.

Luéne brane poseduju veliku ¢vrstocu i kod ovakvih
brana do sada nije zabelezeno nijedno rusenje izazvano
zemljotresom. Kada se analiza vrSi kao linearna sa FEM,
u zavisnosti od intenziteta ubrzanja u osnovi i elasto-
mehanickih karakteristika materijala u konstrukciji i
temelju brane, luéne brane - generalno gledano -
izloZene su visokim naponima zatezanja u lukovima u
gornjem delu brane i u donjem delu konzola.

8 REZULTATI STATICKE ANALIZE

Za sve kombinacije optereéenja (staticko uobi¢ajeno,
staticko neuobi¢ajeno i staticko ekstremno) izvrSene su
detaljne analize napona i deformacija u specificnim
tackama konstrukcije brane. Sopstvena tezina ispitana je
u dve faze: brane koja se sastoji od izolovanih monolita
(faza pre injektiranja spojeva) i brane kao monolitne
strukture (nakon injektiranja spojeva).

Analizirana su dva nivoa vode u akumulaciji, 357,30
m i 364 m nadmorske visine. Ovde ¢emo objasniti samo
normalni nivo vode, to jest 357,30 m nadmorske visine.
Brana ,Sv. Petka” analizirana je u pogledu dva
ekstremna temperaturna uslova — zimskog i letnjeg.

Za odredivanje temperaturnih napona vazna je
temperatura injektiranja spojeva, kao i koeficijent
termi¢ke ekspanzije. Kao temperatura injektiranja
spojeva na brani ,Sv. Petka” usvojeno je 8 °C, Sto
odgovara lokalnim klimatskim uslovima, a na osnovu nje
izracunata je ,beznaponska temperatura”.

Vrednost koeficijenta termi¢ke ekspanzije, usvojena
u analizi, iznosi a, = 9x10° /°C. Daljim ispitivanjem
betona, dobijena je vrednost za koeficijent termicke

At Fig. 3 is shown the diagram o-e by Raphael
(1984) in which is the results of the test and FEM
analysis (linear-elastic model).

From the laboratory test it can be seen that the curve
o-e is not proportional with dilatations during the entire
test. In the model by FEM it is presumed linear
dependence during the entire test.

Based on the results from the splitting test for
determination of tensile strength, by Raphael, tensile
strength in FEM can be obtained from measured tensile
strength multiplied by 1.35. This concept refers to static
as well as dynamic loadings.

These evidence and facts can be taken as element that
increases the safety of the dam “Sv Petka”.

Arch dams have remarkable strength and till
now there is no registered earthquake collapse of
this type of dams. When analysis is conducted as
linear with FEM, depending from the intensity of
acceleration in the foundation base and elastic-
mechanical characteristic of the materials in the
body and foundation base of the dam, an arch
dam generally will be exposed to high tensile
stresses in the arches in the upper part of the
dam and in the lower part on cantilevers.

8 RESULTS FROM THE STATIC ANALYSIS

For all loading combinations (static usual SU, static
unusual SUN and static extremes SE) detail analysis of
the stresses and deformations in specific points of the
body of the dam are performed. Dead weight is
examined in two phases: the dam composed of isolated
monoliths (in a phase before joint grouting) and
treatment of the dam as monolithic structure (after joint
grouting).

Two levels of water in the reservoir, that is at
elevation 357.30 m.a.s.l. and elevation 364 m.a.s.l. are
analyzed. Here matter of discussion will only be the
results for normal level of the water in the reservoir,
respectively, at elevation 357.30 m.a.s.. Dam “Sv.
Petka” is analyzed on two extreme cases of temperature
influences: winter and summer conditions.

The temperature of joints closing as well as
coefficient of thermal expansion is important for
determination of temperature stresses. Temperature of
joint grouting of dam "Sv. Petka" is 8 °C, which suits the
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ekspanzije o = 7,3x10° /°C (naponska stanja su
linearno proporcionalna ovom parametru).

Pri visini vode od 357,30 m nadmorske visine,
dobijena je sledeéa naponska slika:

Uzvodna strana

Naponi koji se javljaju na uzvodnoj strani konzole u
debelim ljuskastim elementima uglavhom su naponi
pritiska, Ciji najvedi intenzitet iznosi —1520 KN/m?.

Naponi zatezanja maksimalne vrednosti +303 kN/m?
javljaju se u ograni¢enoj zoni od nekoliko elemenata
izmedu 305 m i 325 m nadmorske visine.

Trodimenzionalni debeli ljuskasti elementi iznad 340
m nadmorske visine takode su izlozeni pritisku
maksimalne vrednosti —548 kN/m?’. Ispod 340 m
nadmorske visine u trodimenzionalnim debelim
ljuskastim elementima javljaju se naponi zatezanja
maksimalne vrednosti +1260 kN/m? izmedu 300 m i 305
m nadmorske visine.

Naponi u lukovima iznad 305 m nadmorske visine sa
uzvodne strane brane jesu naponi pritiska. Ekstremni
naponi pritiska javljaju se u centralnom delu debelih
ljuskastih_elemenata, a njihov intenzitet iznosi —2560
kN/m?, dok se u pravcu trodimenzionalnih debelih
ljuskastih elemenata u gornjem delu ti naponi smanjuju
do nulte vrednosti.

Po celoj dodirnoj povrSini brane i njene osnove
naponi su zatezni, s maksimalnom vrednoSc¢u od +1320
kN/m®, izmedu 310 m i 315 m nadmorske visine. U
kontaktnoj zoni izmedu 357 m i 364 m nadmorske visine,
u jednoj tacki javljaju se i naponi zatezanja intenziteta
+1310 kN/m®.

Tangencionalni naponi sa uzvodne strane nalaze se
u rasponu izmedu +722 i =563 kN/m?® i to uglavnom u
dodirnoj povrSini brane i njene osnove.

Maksimalni glavni naponi sa uzvodne strane u
debelim ljuskastim elementima uglavhom su naponi
pritiska. Glavni naponi zatezanja javljaju se u
trodimenzionalnim  debelim ljuskastim elementima
izmedu 300 m i 305 m nadmorske visine, a njihova
maksimalna vrednost iznosi +1380 kN/m?.

Minimalni glavni naponi sa uzvodne strane uglavnom
su naponi pritiska, Cija najve¢a_vrednost iznosi - 2560
kN/m?, i to u sreditu centralne konzole. Naponi
zatezanja javljaju u dve donje treCine, na dodirnoj
povrsSini brane i osnove, uz maksimalnu vrednost od
+1120 kN/m?, i to izmedu 310 m i 315 m nadmorske
visine.

Nizvodna strana

Konzolni naponi s nizvodne strane u donjem delu
brane, posebno oko povrSine dodira i u njoj, jesu naponi
pritiska, dok se u ostalim elementima javljaju naponi
zatezanja. Najvec¢i naponi pritiska, Ciji intenzitet iznosi
-2080 kN/m?, javljgju se izmedu 300 m i 305 m
nadmorske visine. U zoni kontakta iznad 325 m
nadmorske visine, javljaju se isklju€ivo naponi zatezanja,
a njihov intenzitet kreée se izmedu +765 i +930 kN/m?.

S nizvodne strane, svi lu€ni naponi su naponi
pritiska, osim u gornja dva elementa kontakta izmedu
brane i njene osnove i u elementima centralne konzole
izmedu 300 m i 325 m nadmorske visine. Maksimalni
naponi pritiska javljaju se oko dodirne povrSine brane i

local climate conditions and further calculation have
been made as "Stress-free temperature”.

Coefficient of thermal expansion in analysis is o =
9x10° /°C. In further investigations of the concrete,
coefficient of thermal expansion with value o = 7.3x10°
[°C is obtained (stress conditions are linearly
proportional to this parameter).

For level of reservoir at elevation 357.30 m.a.s.l. the
following stress picture is obtained.

Upstream face:

Cantilever stresses in upstream face of the dam in
the thick shell elements mostly are on compression.
Highest intensities are till -1520 KN/m?®.

Tensile stresses with highest value of +303 kN/m?
appear in limited zone on few elements between
elevation 305 and 325 m.a.s.l.

3D thick shell elements above elevation 340 m.a.s.l.
are also exposed on pressure with maximal value till —
548 kN/m”. Bellow elevation 340 m.a.s.l. at 3D thick
shell elements appear tensions with maximal value of
+1260 kN/m? , between elevation 300 and 305 m.a.s.l.

Arch stresses above elevation 305 m.a.s.l. on the
upstream face of the dam are on pressure. Extreme
compressive stresses are in the central part of the thick
shell elements with intensity till —2560 kN/mz, while,
toward 3D thick shell elements in the upper part are
reducing till null value.

On entire contact dam-foundation, stresses are
tensile with maximal value of +1320 kN/m® between
elevation 310 and 315 m.a.s.l. In the contact zone
between elevation 357 and 364 m.a.s.l., it also appear
tensile stress in one point with intensity of +1310 kN/m?.

Tangential stresses on the upstream face are in the
limits +722 + -563 kN/m?, located mainly on the contact
dam-foundation.

Maximal principal stresses on upstream face in the
thick shell elements mainly are compressive. Principal
tensile stresses appear in all 3D thick shell elements
with maximal value of +1380 kN/m? between elevation
300 and 305 m.a.s.l.

Minimal principal stresses on the upstream face
mostlg/ are compressive with extreme value of -2560
kN/m?, in the middle of the central cantilever. Tensile
stresses appear in the lower two thirds on the contact
dam-foundation with maximum value of +1120 kN/mz,
between elevation 310 and 315 m.a.s.l.

Downstream face:

Cantilever stresses on the downstream face in the
lower part of the dam, especially close to the contact and
in the contact are compressive, while in the rest of the
elements are on tension. Extreme compression stresses
appears between elevation 300 and 305 m.a.s.|l. with
intensity of -2080 kN/m®. In the zone of the contact
above elevation 325 m.a.s.l,, stresses are solely tensile
in the limits of +765 + +930 kN/m*.

On downstream face all arch stresses are
compressive, except at the top two elements of the
contact dam-foundation and in the elements of the
central cantilever between elevation 300 and 325
m.a.s.|. Maximum compressive stress is near the contact
dam-foundation and its intensity measures —1730 kN/m?.
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njenog temelja, a njihov intenzitet iznosi —1730 kN/m?.
Najveéi naponi zatezanja javljaju se u centralnoj konzoli
izmedu 300 m i 305 m nadmorske visine, a njihov
intenzitet iznosi +1460 kN/m?.

Tangencionalni naponi s nizvodne strane neSto su
vec¢i od napona sa uzvodne strane, i kreéu se izmedu
+662 i +1880 kN/m?, a javljaju se uglavnom na dodirnoj
povrsini izmedu brane i njene osnove.

Svi maksimalni glavni naponi s nizvodne strane jesu
naponi zatezanja, a njihov intenzitet je vec¢i u kontaktu
izmedu brane i njene osnove. Najveéi napon zatezanja,
intenziteta +1470 kN/m?, javlja se izmedu 300 m i 305 m
nadmorske visine.

U blizini krune brane, na dodirnoj povrSini brane i
njene osnove, takode se javljaju naponi zatezanja
proseénog intenziteta +1300 kN/m?.

Minimalni glavni naponi s nizvodne strane uglavnom
su naponi pritiska, €ija najveca vrednost dostize —3290
kN/m® na visini izmedu 305 m i 310 m nadmorske visine,
i to u blizini dodirne povrsSine brane i osnove.

Na osnovu sprovedene analize, moze se zakljuciti da
su ekstremne vrednosti napona u ovoj kombinaciji
optereé¢enja manje od dozvoljenih.

Dozvoljeni napon zatezanja iznosi +3000 kN/m®, a
dozvoljeni napon pritiska - 7500 kN/m?.

Kada se nivo vode nalazi na 364 m nadmorske
visine, najvec¢i glavni naponi zatezanja iznose +1800
kN/m® i javljaju se izmedu 310 m i 315 m nadmorske
visine. Minimalni regionalni naponi pritiska javljaju se na
uzvodnoj strani i njihova maksimalna vrednost iznosi
- 3250 kN/m?,

Treba napomenuti da je intenzitet maksimalnih
napona zatezanja upola manji od dozvoljenog, dok je
maksimalni intenzitet napona pritiska trostruko manji od
dozvoljenog.

Ako se osvrnemo na mehanizam gubitka nosivosti
luénih brana, primetno je da postoje dovoljne rezerve
pritisne &vrstote koje se aktiviraju u fazi redistribucije
opterecenja s konzola na lukove.

Maksimalno pomeranje brane u zimskim uslovima
iznosi 10,6 mm u nizvodnom smeru, a u letnjim 4,6 mm
u uzvodnom smeru.

9 REZULTATI DIMANICKE ANALIZE

Analiza slobodnih oscilacija brane ,Sv. Petka”
sprovedena je kako u uslovima pune, tako i u uslovima
prazne akumulacije.

Sledi prvih sedam perioda oscilacija sistema
brana- temelj- akumulacija.

The largest tensile stresses appear in the central
cantilever between elevation 300 and 305 m.a.s.l. and its
intensity measures +1460 KN/m?.

Tangential stresses on downstream face show
slightly higher values from those on upstream face and
they are in the limits of +662 + +1880 kN/m? located
mostly on the contact, dam-foundation.

All maximum principal stresses on downstream face
are tensile with higher intensities on the contact dam-
foundation, where the highest tensile stress appears
between elevation 300 and 305 m.a.s.l. with intensity of
+1470 kN/m®.

Also, near the crown of the dam, at the contact dam-
foundation zone tensile stresses with intensity in
average of +1300 kN/m?appear.

Minimum principal stresses on the downstream face
are mainly compressive and reach extreme value with
intensity of —3290 kN/m® between elevation 305 and
310 m.a.s.l., near the contact, dam-foundation.

From the performed analysis it can be concluded that
the extreme values of stresses are below allowed for this
combination of loading.

Allowable tensile stress is +3000 kN/m?® while
allowable compressive stress is -7500 kN/m?.

When the water level is at elevation 364 m.a.s.l., the
highest principal tensile stress measures +1800 kN/m?
and it appears between elevation 310 and 315 m.a.s.l..
Minimum principal compressive stresses are on the
upstream face with maximal value of -3250 kN/m?.

It can be noticed that maximum stresses are more
than double Ilower then allowed tensile, while
compressive stresses are triple lower from allowed
pressure.

Looking back at the mechanizam of losing bearing
capacity of the arch dams suficient reserve in the
compressive strength is notable; it is being activated in
the phase of redistribution of loads from cantilevers on
arches.

Maximum resulting displacement of the dam in winter
conditions measures 10.6 mm downstream, and in
summer conditions measures 4.6 mm upstream.

9 RESULTS FROM THE DYNAMIC ANALYSIS

Analysis of free vibrations of the dam “Sv. Petka" is
performed for full and empty reservoir.

First seven periods of free vibrations of the system
dam-foundation-reservoir are:

Periodi slobodnih oscilacija
Periods of the free oscillations

. Puna akumulacija | Prazna akumulacija
Mlagzl(lateNtobr. Full reservoir Empty reservoir
) [sec] [sec]
1 0.2235 0.1935
2 0.1795 0.1538
3 0.1437 0.1203
4 0.1077 0.0977
5 0.1033 0.0905
6 0.0960 0.0807
7 0.0790 0.0742
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U proraunima su dobijeni i oblici slobodnih
oscilacija, a prva tri tona prikazana su na slikama 4, 5 i
6. U sistem brana- temelj- akumulacija uklju¢ene su tri
ortogonalne komponente pomeranja temelja.
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Slika 4. Prvi ton oscilacija,
T1=0,2235 sec (puna akumulacija)
Fig.4 First Mode of Vibration
T1= 0.2235 sec (Full Reservoir)

The forms of the free vibrations are also obtained in
the calculation and the first three modes are shown on
the Figures 4, 5 and 6. Three orthogonal components of
movement of foundation base are included in the system
dam-foundation-reservoir.
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Slika 5. Drugi ton oscilacija,
T2= 10,1795 sec (puna akumulacija)
Fig. 5. Second Mode of Vibration
To= 0.1795 sec (Full Reservoir)
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Slika. 6. Treci ton oscilacija,
T3=0,1437 sec (puna akumulacija)
Fig. 6. Third Mode of Vibration
Ts= 0.1437 sec (Full Reservoir)

S obzirom na to Sto su naponi iz dinamicke analize,
sprovedene na osnovu pojedinih_spektara ili istorija
ubrzanja datih zemljotresa, superponirani s naponima
statiCkih optereéenja (regulisanih u kombinacijama
dinami¢kog optereéenja), direktno je moguée posmatrati
samo komponentalne napone, to jest u lukovima i
konzolama. U rezultatima dinami¢ke analize koja je
sprovedena pomoc¢u softvera EADAP dati su samo
komponentalni naponi.

Naponi usled dejstva zemljotresa uvek su pozitivni. U
analizi su tabelarno ili graficki prikazane kombinacije
stati¢kih opterecenja, kao i alternativni efekti spektra, to
jest praéenje istorije ubrzanja analiziranih zemljotresa.

Na osnovu analize, moze se zakljuciti da su naponi
zatezanja merodavni, te da su naponi pritiska u smeru
dve komponente takode pod kontrolom. Analiza ulaznih
podataka zemljotresa sprovedena je koriS¢enjem dveju
uobi¢ajenih metoda - metode spektralne teorije i metode
vremenske istorije - i kao takva bic¢e i tumacena.

Taking into consideration that the stresses specified
in the dynamic analysis from individual specters or
histories of accelerations of the given earthquakes are
superposed with those of the static loads (regulated in
the dynamic loading combinations), only the
componential stresses can be monitored directly: those
of the arches and cantilevers. In the output of the
dynamic analysis of the software EADAP only
componential stresses from the analysis on earthquake
are given.

Earthquake stresses are always positive. The
combinations from the static loads and alternative effect
from spectra i.e. histories of accelerations of analyzed
earthquakes are shown in the analysis using graphic or
appropriate table form.

Due to the performed analysis it can be concluded
that tensile stresses are authoritative, and compressive
stresses in the two componential directions are
controlled also. Analysis on earthquake input are
performed using two common methods: spectral theory
and time-history, and as such will be interpreted.
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Spektralna analiza

Najnepovoljnija kombinacija opterecenja je sledeca:

- sopstvena tezina (SW);

- normalni nivo vode u akumulaciji — 357,30 m
nadmorske visine;

- temperatura — zimska (minimalna temperatura);

- inercijalne sile koje poti¢u od mase brane;

- inercijalne sile koje poti¢u od vode u akumulaciji;

- zemljotres Albatros sa amas= 0,359 i 10%
priguSenja.

Dozvoljene vrednosti napona zatezanja u konzolama
ni u jednoj tacki nizvodne i uzvodne strane nisu
prekoracene. Naponi zatezanja sa uzvodne strane su
mali, sa izuzetkom nadmorske visine od 303,75 m, gde
su reda veli¢ine maksimum +2550 kN/m°. Naponi
pritiska svoju kritiénu vrednost od - 3010 kN/m” dostizu u
centralnoj konzoli. S nizvodne strane, naponi zatezanja
dostizu maksimum +2213 kN/m?, i to u gornjem delu
dodirne povrsine brana- osnova, dok se kriti¢na vrednost
napona pritiska od —2302 kN/m? javlja na najnizoj tacki
od 303,75 m nadmorske visine.

Sa uzvodne strane, dozvoljeni napon zatezanja u
luku prekoracéen je u pet tataka. Te tatke se nalaze u
centralnoj konzoli, u najviSem delu dodirne povrSine
brana- osnova. Dve tacke se nalaze iznad normalnog
nivoa vode u akumulaciji (357,3 m nadmorske visine), i u
njima_vrednost napona iznosi +5860 kN/m?® i +4910
kN/m®. U preostale tri tatke naponi su +3990 kN/m?,
+4204 kN/m? i +4171 kN/m? a nalaze se na dodirnoj
povrSini  brana- osnova, iznad 348,95 m nadmorske
visine. Preostali naponi znatno su manji. Kriti¢na
vrednost pritiska iznosi —8020 kN/m?.

S nizvodne strane, prekoracenja dozvoljenog napona
zatezanja javljaju se u dve zone gornjeg dela brane: u
centralnoj konzoli i u jednoj Cevrtini. ViSe od polovine tih
prekoracenja javljaju se iznad normalne visine vode
(357,3 m nadmorske visne), odnosno, u delu koji nije
pod vodom. Prekoracenja se kre¢u izmedu +3903 kN/m?
i +4958 kN/m”. Najvecéa vrednost napona pritiska iznosi
- 6271 kN/m®,

Na osnovu komentara u pogledu naponskog stanja
statiCkih optereéenja pri normalnoj visini vode u
akumulaciji (357,3 m nadmorske visne) tokom zimskih
uslova i zemljotresa Z2 — Al, moZe se zakljuciti sledece:

1. Dozvoljeni naponi zatezanja u konzoli ni u jednoj
tacki brane nisu prekoraceni.

2. U malom broju tataka sa uzvodne strane brane
(koja je u dodiru sa vodom) na gornjem delu dodirne
povrSine brana- osnova postoje mala prekoracenja
dozvoljenog napona zatezanja. U nekim, donekle
nepovoljnim situacijama s nizvodne (suve) strane,
postoje tri zone u gornjem delu (vrhu) brane u kojima se
javljaju prekoradenja dozvoljenog napona zatezanja:
centralna konzola, deo od jedne Cetvrtine i dodirna
povrSina izmedu brane i osnove. Veéi deo ovih tacaka
nalazi se iznad normalnog nivoa vode u akumulaciji

(357,3 m nadmorske visne).

3. Kritiéni napon pritiska iznosi - 8020 kN/m?, to jest
3,2 puta je manji od dozvoljenog.

Ovi zaklju€ci koji se odnose na stanje napona i
deformacija, kao posledice statiCkih optereéenja
zemljotresa +/-Z2, predstavljeni su samo kao kvalitativni
i kvantitativni indikatori iz jedne metode koja se obi¢no

Spectral analysis.

Most unfavourable combination of loads is:

- Self-weight (SW)

- Normal level of water in the reservoir: elevation
357.30 m.a.s.l.

- Temperature — winter (min. temperature)

- Inertial forces from the mass of the dam

- Inertial forces from the water in the reservoir

- Earthquake Albatros with amax(g)=0.35 and 10%
damping.

Allowable tensile stress is not exceeded at cantilever
stresses in no one point on downstream and upstream
face of the dam. Tensile stresses on upstream face are
low, with exception of elevation 303.75 where they are
with order of magnitude till +2550 kN/m?. Compressions
have extreme values in the central cantilever and reach
till -3010 kN/m®. On downstream face tension stresses
reach till +2213 kN/m?, in the upper part of the contact,
dam-foundation, while the extreme compression appears
in the lowest point at 303.75 m.a.s.l. with value of -
2302 kN/m? .

Arch stresses on upstream face show that in five
points allowed tensile stress is exceeded. They are
located in a central cantilever at the highest part and in
contact dam-foundation. Two are above the normal level
of water in the reservoir (357.3 m.a.s.l.) with values
+5860 kN/m?, and +4910 kN/m”. The rest three points
are with stresses +3990 kN/m?, +4204 kN/m* and +4171
kN/m? and they are on the contact dam-foundation,
above elevation 348.95 m.a.s.l. Rest of the stresses are
remarkably lower. The extreme compression measures
-8020 kN/m*.

On the downstream face exceeding of allowed
tensile stress appear in two zones at the upper part of
the dam: central cantilever and one quarter part. More
than half of these exceeds are above elevation of the
normal level of the water in the reservoir (357.3 m.a.s.l.),
respectively, they are located in the part that is not
covered with water. Exceeding is in order of magnitude
from +3903 kN/m’® till +4958 kN/m’. Extreme
compressive stress measures -6271 kN/m?.

According to the comments about stress conditions
of static loads with normal level of water in the reservoir
(elevation 357.30 m.a.s.l.) during winter conditions and
earthquake Z2 - AL it can be concluded:

1. In no one point of the dam allowable tensile stress
on cantilevers is exceeded.

2. On several points on upstream face of the dam
(which is in contact with the water) at upper part of the
contact dam-foundation there are small exceeds of the
allowed tensile stress. In somewhat not so
advantageous situation in a relation of exceeding of
allowed tensile stress is downstream (dry) face, where
exceeding appears in three zones in the upper part (top)
of the dam: central cantilever, one quarter part and the
contact dam-foundation.

Larger parts of these points are located above the
normal level of the water in the reservoir (elevation 357.3
m.a.s.l.).

3. Extreme compressive stress is -8020 kN/m?, or,
3.2 times smaller then allowed.

These conclusions about stress and deformational
conditions from static loads + Z2 of spectral analysis are
presented only as qualitative and quantitative indicators
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sprovodi kao preliminarna analiza.

Procedura pracenja  ponaSanja individualnih
parametara analize vremenske istorije ubrzanja koristi
se kada su maksimalne proracunske vrednosti napona
po spektralnoj analizi_blizu zatezne ¢&vrstoce betona ili
kada je premaSuju. U tim slu€ajevima, primenjuje se
linearno-elasti¢na analiza, uz pracenje istorije ubrzanja,
radi Sto preciznijeg odredenja maksimalnih napona i
dobijanja uvida u dinamic¢ki odgovor brane tokom
vremena.

Kada maksimalni naponi poremaSuju dozvoljene
vrednosti, pracenjem vremenske istorije kriticnih napona
potrebno ih je preciznije ispitati i proceniti. Ta procena
maksimalnih napona tokom vremenske istorije ubrzanja
sastoji se od pracenja odgovora brane tokom vremena, s
ciljem odredivanja broja ciklusa u kojima su maksimalno
dozvoljene vrednosti napona prekoracene. Na taj nacin
pokazace se da li prekoragenja granic¢nih vrednosti
predstavijaju izolovane slu€ajeve ili se ona tokom
procesa ponavljaju.

Pracenje ubrzanja po istoriji vremena

Prekoratenje  dozvoljenog napona zatezanja,
dobijenog spektralnom analizom, namece potrebu za
rigoroznijom analizom, odnosno za analizom odgovora
brane uz praéenje istorije ubrzanja za gorenavedene
zemljotrese. Praéenjem istorije ubrzanja u datom
periodu, dobijamo dodatne informacije za procenu
sigurnosti brane, kao Sto su simultano javljanje visokih
napona u viSe zona, duzina njihovog trajanja i uestalost
pojavljivanja.

Seizmicki ulazni elementi za ovu linearnu dinamicku
analizu sastoje se od tri komponente ubrzanja tla usled
zemljotresa.

Najnepovoljniji je odgovor na zemljotres Albatros,
posebno u zimskim uslovima, Ciji su rezultati ovde
predstavijeni. Analizirani su sluajevi pune i prazne
akumulacije.

U sludaju prazne akumulacije, ispitana su dva
sluéaja: s neinjektiranim spojnicama i sa injektiranim
spojnicama.

PGA (maksimalno ubrzanje tla) za privremene
konstrukcije i fazu gradenja treba da bude reda veli¢ine
50% projektnog zemljotresa (Eurocode 8-2002).

U uslovima neinjektiranih spojnica ispitan je najveci
centralni blok. Rezulati pokazuju da je najveéi uticaj
imao zemljotres Albatros i da dozvoljeni napon zatezanja
nije prekoracen ni u jednoj sekciji.

Faza gradnje — uslovi injektiranih spojnica — nema
nikakav fizicki znaCaj, posto kada su spojevi otvoreni,
brana reaguje konzolnim delovanjem samostalnih
blokova. Ova anliza daje stanje napona pritiska i
deformacija u slu€aju kada su blokovi pritisnuti
zemljotresom.

Pri punoj akumulaciji, uz zimske uslove i zemljotres
Z1 — Albatros (ovaj zemljotres je merodavan u svim
slu€ajevima), naponi zatezanja u lukovima sa uzvodne
strane prekoraceni su u Sest taaka, od kojih se dve
nalaze u centralnoj konzoli, u blizini krune, a intenzitet im
je +4110 kN/m? i +4190 kN/m?, dok se &etiri nalaze u
gornjoj zoni dodirne povrSine brana-temelj, a intenzitet
im se krece od +3962 kN/m” do +4638 kN/m”. U ostalim
taCkama, komponentalni naponi zatezanja (lucni i
konzolni) ni u jednoj tacki nisu prekoraceni. Najveci

from one method which usually is conducted as
preliminary analysis.

Procedure for following the answer of individual
parameters in the period of time history of acceleration
(Time-History Analysis) is used when the calculated
maximum values of stresses using the spectral analysis
are close or exceed tensile strength of concrete. Linear-
elastic analysis is implemented in these cases,
monitoring the history of accelerations, with objective of
more precise determination of maximum stresses and
for obtaining review in dynamic response during time.

When maximum stresses show that they are
exceeding allowed stress, time history of the critical
stresses should be more precisely examined and
evaluated. This evaluation of maximum stresses during
the time of acceleration history consists of monitoring the
response during time for determination of the number of
cycles in which maximal stresses exceed allowed value.
This will show weather exceeding over limited values is
insulated case or it is repetitive during the process.

Monitoring time history of accelerations (Time-
History Analysis)

Exceeding allowable tensile stress obtained from
spectral analysis impose the necessity for more rigorous
analysis, respectively, necessity for analysis of the
response of the dam following the history of acceleration
of above mentioned earthquakes. Monitoring history of
acceleration in period of time allows also additional
information for estimation of the safety of the dam, as
are: simultaneous occurrence of high stresses in several
zones, length of their duration and frequency of its
appearance.

Seismic input for this linear dynamic analysis
consists of three components of acceleration of
earthquake soil movement.

Most unfavourable is the response on the
earthquake Albatros, especially during winter conditions,
and results here will be presented.

Cases of full and empty reservoir are analyzed.

With empty reservoir, two cases are examined: non-
grouted and grouted condition.

The PGA (Peak Ground Acceleration) for temporary
structures and construction phase should be of order of
50% design earthquake (Eurocode 8-2002).

At non-grouted condition is examined on the highest
central block. Results show that the earthquake Albatros
had the largest influence, and in no one section
allowable tensile stress is exceeded.

The construction phase — grouted condition does not
have any physical meaning, because when the joints will
be opened, the dam reacts with cantilever action of
independent blocks. This analysis gives state of
compressive stresses and deformations when the blocks
are pressed by earthquake.

With full reservoir, winter conditions and earthquake
Z; - Albatros (this earthquake is competent in all cases),
arch tensile stresses of the upstream face are exceeded
in four elements in six points, of which, in two points of
the central cantilever near the crown with intensity of
+4110 kN/m? and +4190 kN/m? and in four points on the
contact dam-foundation in upper zone with intensity from
+3962 kN/m® to +4638 kN/m? In the rest of the points
componential tensile stresses (arch and cantilever) are
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napon pritiska iznosi —7150 kN/m?, to jest manji je od
dozvoljenog.

U kombinacijama statickog optereéenja zemljotresa
Z1, s nizvodne strane brane dozvoljeni napon zatezanja
neznatno je prekoraten samo u gornjem centralnom
elementu koji se nalazi iznad normalnog nivoa vode u
akumulaciji (357,3 m nadmorske visne), i to u jednoj
tacki i s vredno3¢u od +4283 kN/m?. U ostalim tadkama,
naponi zatezanja imaju relatino malu vrednost, a najve¢u
vrednost (izmedu +3000 kN/m? i +3289 kN/m?) dostiZu u
gornjem delu dodirne povrSine brana- osnova. Najveci
naponi pritiska su reda veli¢ine -5631 kN/m? (dozvoljeni
napon zatezanja iznosi +3900 kN/m?, dok je dozvoljeni
napon pritiska —15600 kN/m?). Da bi se odredio uticaj
priguSenja na naponska stanja, izvrSena je analiza za
zemljotres Albatros (amax(g)=0,25) i 7% priguSenja, a
rezultati pokazuju da ne postoje prekoracenja
dozvoljenih napona.

Pri punoj akumulaciji, u zimskim uslovima i
zemljotresu Z2 - Albatros, naponi zatezanja u
konzolama sa uzvodne i nizvodne strane daleko su
manji od dozvoljene vrednosti.

Najvece vrednosti napona zatezanja u lukovima sa
uzvodne strane brane javljaju se u gornjem delu
cenralne trecine brane, kao i u dodirnoj povrsSini brane i
osnove. Maksimalna vrednost tih napona od +3140
kN/m® javlia se u centrainoj konzoli. U gornoj tregini
dodirne povrSine brane i osnove, u trodimenzionalnim
ljuskastim elementima, u 15 taCaka javljaju se veci
naponi zatezanja od dozvoljenih, a njihov intenzitet
krece se izmedu +3928 kN/m?i +5616 kN/m”.

Maksimalni zatezni naponi s nizvodne strane nalaze
se na jednoj tre¢ini duzine krune, i to u elementima u
blizini krune, a njihov intenzitet krece se izmedu +3926
kN/m? i +4858 kN/m? .

Analiza s vrednostima zemljotresa Albatros od
amax=0.35g i priguSenja od 12% ukazuje na to da u
izolovanim zonama postoje minimalna prekoracenja, i to
u zonama gde su bila najveca prekoraCenja s
priguSenjem od 10%.

Analiza prekora¢enja dozvoljenog napona zatezanja

Seizmicko ponaSanje betonskih lu¢nih brana
procenjuie se na o0snhovu hapona u njihovim
komponentama, koji se dobijaju putem linearno-elasti¢ne
analize u kombinaciji sa inzZenjerskim procenama.
Generalno gledano, u odredenom broju tataka brane
zatezna ¢vrsto¢a betona moZe da bude prekora¢ena. U
praksi, prihvaceni kriterijum oSte¢enja je do pet
ekskurzija napona preko zatezne &vrstoce betona, na
osnovu inZenjerske procene i drugih posmatranja. Ovaj
kriterjum ne ograni¢ava ni veli¢inu niti trajanje delovanja
napona koji prekoraCuju zateznu ¢&vrstocu betona, niti
nudi neke mere u pogledu prostornog rasporeda tih
napona, ve¢ je na projektantu da proceni njihov
intenzitet, kao i veli¢inu povrSine na koju deluju.

To je tradicionalni kriterijum koji je u poslednje vreme
(prema podacima iz novije literature) dopunjen jednim
sistematskim pristupom kojim se potvrduje seizmicko
ponaSanje, kao i moguéi stepen oStecenja putem
primene linearno-elasti¢ne analize vremenske istorije.

U ovom predlozenom kriterijumu oStecenja,
performanse i stepen oStec¢enja procenjeni su na osnovu
odnosa veli¢ina potreba- kapacitet, kumulativnog trajanja

not exceeded at any point. Extreme compressive stress
is —7150 kN/m?, i.e., lower then allowed.

In the combinations static loadings + earthquake Z1,
on the downstream face of the dam allowable tensile
stress is quite insignificantly exceeded only in the upper
central element that is above normal water level in the
reservoir (elevation 357.30 m.a.s.l.) in one point with
value of +4283 kN/m”. In all other points tensile stresses
are with relatively low values that reach highest values in
the upper part of the contact dam-foundation in order of
magnitude +3000 kN/m? till +3289 kN/m® Extreme
compressive stresses are in the order -5631 kN/m?.
(Allowable tensile stress is +3900 kN/m?, while allowable
compressive stress is -15600 kN/mZ.)

To determine the influence of damping on stress
conditions, analysis for earthquake Z1 Albatros
(amax(9)=0.25) and 7% damping is conducted. The results
show that there is no exceeding of allowed stresses.

With full reservoir, winter conditions and earthquake
Z, — Albatros, cantilever stresses on upstream and
downstream face of the dam which are far lower of the
allowed tensile stress.

Arch tensile stresses on upstream face of the dam
with highest values appear in the upper part of the
central and one-third cantilever as well as on the contact
dam-foundation. In the central cantilever they reach
maximum till +3140 kN/m?. At the contact dam-foundation
in the upper third of the contact in 3D elements, appear
higher tensile stresses of the allowed in 15 points with
intensity of +3928 kN/m?, till +5616 kN/m?.

Maximal arch tensile stresses on downstream face
are in the thirds of the length of the crown in the
elements near crown of the dam, with intensity of +3926
kN/m?, till +4858 kN/m”.

Analysis of the earthquake Albatros with
amax(9)=0.35 and 12% damping show minimum
exceeding in insulated zones and there is also the
highest exceeding with 10% damping.

Analysis of exceeding of allowable tensile stress

Seismic behaviour of concrete arch dams is
estimated based on componential stresses obtained
from linear elastic analysis, combined with engineering
assessment. Generally, in certain number of points of
the dam stresses in the concrete could exceed its tensile
strength. In practice, traditional damage criteria was that
up to five stress excursions above the tensile strength of
the concrete have been considered acceptable, based
on engineering judgment and other considerations. This
criterion neither puts limit on the magnitudes and
duration of stresses exciding the tensile strength of
concrete nor offers any provisions regarding the spatial
extent of such stresses. It is left to designer to judge how
high they are and how large an area they could occupy.

This is traditional criteria, which lately, according to
the information of the newer literature, is complementing
by systematic approach, with which is confirmed seismic
behaviour and possible level of damage by using linear
elastic time- history analysis.

In this proposed damage criteria, the performance
evaluation and assessment of level of damage is
formulated based on magnitudes of demand-capacity
ratios, cumulative duration of stress excursions beyond
the tensile strength of the concrete and spatial extent of
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prekoraCenja zatezne ¢vrsto¢e betona i povrSine
prenapregnutih regiona.

Nakon sprovodenja celokupne analize, dobijene su
tacke s najveéim naponima. U tom postupku, interesuju
nas taCke u kojima su dozvoljeni naponi zatezanja
prekoraceni.

Radi boljeg sagledavanja naponskog stanja i rezervi
konstrukcije, detaljno je pra¢eno ponaSanje tih tacaka u
odnosu na prekoraenje napona u vremenu od
(3+4)-2/100 sekunde pre i posle dostizanja maksimalne
vrednosti, kao i pre i nakon naredne maksimalne
vrednosti (ako postoji).

Analizirani su svi elementi, to jest sve ta¢ke u kojima
je dozvoljeni napon prekoracen.

Na osnovu obavljene analize, moguce je zakljuciti da
se u svakoj zoni javlja samo po jedno prekoracenje, dok
presek funkcioniSe u uslovima pritiska i savijanja, to jest
napon sa suprotne strane jeste napon pritiska.

Za branu ,Sv. Petka’ izradena su dva dijagrama
kumulativnog prekoracenja u svim tackama sa uzvodne i
nizvodne strane brane, u kojima je zatezna ¢vrstoéa
betona prekoragena. Na njima se vidi veliko odstupanje
od prave linije koja razdvaja prihvatanje linearno-
elasti¢ne teorije od potrebe za primenom nelinearne
analize (linijju definiSe zatezna d&vrsto¢a betona sa
ograni¢enim kapacitetom odnosa 2y - X osa i
kumulativna duzina 0.4 sec —Y o0sa).

Na ovim dijagramima vidljivo je da linearno-elasti¢na
analiza rezultira veoma malim oSteéenjima, ¢ak i u
sluaju zemljotresa Z2 (Albatros sa PGA = 0,35g i
priguSenjem od 10%). Treba napomenuti da se ovi
rezultati odnose samo na period godine u kojem je
temperatura betona na minimalnoj vrednosti (zimski
uslovi — najnepovoljniji uslovi).

Gornja tre¢ina brane konstruktivno je armirana
povrsinskom rebrastom armaturom.

Arch stresses - upstream

Earthquake Alkatros 0.35g 107 damp.
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Slika 7. Kriterijum oStecéenja. Naponi u lukovima —
zemljotres Albatros, 0,35g, priguSenje 10%
Fig. 7. Damage criteria. Arch stresses - US

Earthquake Albatros 0.35g 10% damp.

overstressed regions.

The points with highest stresses are obtained due to
the complete analysis. In this procedure, the points in
which allowed tensile stress is exceeded are of interest.

For better inspection in stresses condition and
reserves in the structure, the response of these points
with the exceeded stresses is monitored in details by
the time (3+4)-2/100 sec before and after reaching of
maximum value, as well as the next peak in which it
reaches the next maximum (if such exist).

This analysis is performed on all elements, actually,
all points in which is exceeded allowed stress.

From the performed analysis it can be concluded that
in every point it appears only one “excursion” of
exceeding, while the section works on compression and
bending, that is, on the opposite side the stress is
compressive.

For the dam “Sv. Petka” are constructed two
diagrams of cumulative exceeding in all points of
upstream and downstream face of the dam in which
tensile strength of the concrete is exceeded. They show
big distance from the straight line that separates
acceptance of linear elastic theory from necessity of
conducting non-linear analysis (the line is defined with
tensile strength of plane concrete with limiting demand
capacity ratio to 2if - X axis and cumulative duration of
0.4 sec -Y axis).

From these diagrams it can be noticed that
conducted linear elastic analysis give very small
damages even during earthquake Z2 (Albatros with
PGA=0.35g and 10% damping). It should be mentioned
that these results refer only to the period of the year
when the temperature in the concrete have minimal
value (winter conditions - the most unfavourable
conditions).

Upper third of the body of the dam is provided with
the face reinforcement with ribbed bar RA 400/500-2.

Arch stresses - downstream

Eatrhquoke Albatros 0.35g 10% domp.

0.5

0.4

03

02

01

7 |

8 |4

Cumulative Overstress Duration(sec)

0 &
Lo 11 te 13 14 15 16 17 18 19 20

3000 Kn/me 6000 Kn/me
1-Elm22 Komp1l ......... 19 -El m29 Konp 5

Demand-capacity Ratio

Slika 8. Kriterijum oStecenja. Naponi u lukovima —
zemljotres Albatros, 0,35g, priguSenje 10%
Fig. 8. Damage criteria. Arch stresses - DS

Earthquake Albatros 0.35g 10% damp.
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10 OPSTI ZAKLJUCCI U VEZI SA STANJEM
NAPONA | DEFORMACIJA BRANE , SV. PETKA”

Na osnovu sprovedenih prorac¢una ponaSanja brane
LSV. Petka” u odnosu na staticke i dinamiCke uticaje,
moze se zakljuciti sledece:

1. U svim ta6kama i u svim ispitanim
kombinacijama statickog opterec¢enja, naponi zatezanja i
pritiska nalaze se u okvirima dozvoljenih granica.

Treba naglasiti da zbog primarnih optereéenja
(sopstvena tezina + hidrostaticki pritisak — na 357,3 m
nadmorske visine) celokupna brana prakti¢no se nalazi
pod pritiskom, dok su naponi zatezanja beznacajni.

U letnjim uslovima, glavni naponi zatezanja su
niskog intenziteta i iznose maksimum +650 kN/m2. U
zimskim uslovima, na dodirnoj povrSini izmedu brane i
osnove, ti naponi iznose do +1380 kN/m2, Sto je upola
manje od dozvoljenog.

Najveca vrednost glavnog napona pritiska iznosi do

- 2560 kN/mz, Sto je skoro trostruko manje od
dozvoljene vrednosti.

Maksimalno rezultirajuée pomeranje brane, pri
normalnom nivou vode u akumulaciji, u letnjim uslovima
iznosi 4.5 mm uzvodno, a u zimskim - 10,3 mm
nizvodno.

2. Spektralna analiza, sprovedena kao
preliminarni  proracun, ukazuje na potrebu za
implementacijom metodologije posmatranja ponasSanja
brane tokom vremenske istorije ubrzanja registrovanih
zemljotresa (Albatros, Robic i El Centro).

Ti zemljotresi skalirani su sa amaks=0,259 i 5%
priguSenja (zemljotres Z1) i amas(g)=0,35g i 10%
priguSenja (zemljotres Z2).

Najveci naponi zatezanja u lukovima od statickog
opterec¢enja i zemljotresa Z1 javljaju se u najviSem delu
brane, posebno u dodirnoj povrSini brane i osnove, §to je
u skladu sa uticajem mikroregiona na numeri¢ku
proceduru. Prekoracenje dozvoljenog napona zatezanja
javlja se samo kao reakcija na zemljotres Albatros, i to u
Sest tacaka sa uzvodne strane (vecina tih napona javlja
se iznad normalnog nivoa vode u akumulaciji). Ovo
stanje javlja se samo tokom minimalne zimske
temperature. Kada je re¢ o ostala dva analizirana
zemljotresa (Robi¢ i ElI Centro), nema prekoracenja
dozvoljenog napona zatezanja.

Lokacije i magnitude prekoraCenja dozvoljenog
napona zatezanja su takve da ni u jednom slucaju ne
ugroZzavaju operativne uslove brane u uslovima
zemljotresa Z1 (amaks=0,25g i 5% priguSenje), pa se ne
oc¢ekuje bilo kakvo oSteéenje.

Najveéi naponi zatezanja u lukovima od stati¢kih
opterec¢enja i zemljotresa Z2 javljaju se u najviSem delu
vrha brane, posebno u dodirnoj povrsini brane i osnove,
kao i u treéini krune. Prekoracenje dozvoljenog napona
zatezanja javlja se samo u uslovima zemljotresa
Albatros, u sedam elemenata sa uzvodne i devet
elemenata s nizvodne strane brane. Treba naglasiti da
se sva prekoracgenja javljaju samo uz jednu ekskurziju.
Vecina ovih tataka nalazi se iznad normalnog nivoa
vode u akumulaciji, konkretno sa suve strane brane.
Kada su u pitanju ostala dva zemljotresa (Robic¢ i El

10 GENERAL CONCLUSIONS IN A RELATION OF
STRESS AND DEFORMATION CONDITIONS OF
DAM “SV. PETKA”

As a result of conducted -calculations for the
response of dam "Sv. Petka" to static and dynamic
influences, the following can be concluded:

1. In all points and in all examined combinations of
static loads, tensile and compression stresses are in the
allowed limits.

It should be emphasized that from primary loads
(self-weight + hydrostatic pressure — 357.3 m.a.s.l.)
entire dam practically is under pressure, with
insignificant tensions.

Principle tensile stresses in summer conditions are
with low order of magnitude till +650 kN/m®. In winter
conditions at the contact dam-foundation they are in the
limits till +1380 kN/m?, that is more then two times lower
value then allowed.

Extreme value of the principal compression stress
reaches -2560 kN/m? that is almost three times lower
then allowed.

Maximum resulting movement of the dam at normal
water level in the reservoir in summer conditions
measures 4.5 mm upstream, and in winter conditions
10.3 mm downstream.

2. Analysis by spectral theory with provided input
parameters (spectra), conducted as preliminary
calculation, shows the demand of implementation of
methodology of monitoring the response of the dam
during time history of accelerations of earthquakes that
happened and registered ones (Albatros, Robic and El
Centro).

They are scaled with amax(g)=0.25 and 5% damping
(earthquake Z1) and amax(9)=0.35 and10% damping
(earthquake Z2).

Highest arch tensile stresses from static loads and
earthquake Z1 appear in the highest part of the dam,
especially in the contact dam-foundation, that is liable to
the influence of the shape of micro-region to numeric
procedure. Exceed in allowed tensile stress is present
only by earthquake Albatros in six points on the
upstream face and most of them are above normal level
of water in the reservoir. This condition appears only
during minimum — winter temperature. There is no
exceeding of allowed tensile stress with the other two
provided earthquakes (Robic and El Centro).

Locations and the magnitudes of exceeding of the
allowed tensile stress are such that in no one case they
do not jeopardize operational condition of the dam in
earthquake conditions Z1 (amax(9)=0.25 and 5%
damping), and are not expected any damages.

Highest arch tensile stresses from static loads and
earthquake Z2 appear in the highest top part of the dam,
especially in the contact dam-foundation and in the third
of the crown of the dam. Exceeding of allowed tensile
stress has only from the influence of the earthquake
Albatros in seven elements on upstream and nine
elements on downstream face of the dam. It emphasizes
that all exceeding are only with one excursion. Most of
these points are located above the normal level of water
in the reservoir, rather, in the dry part of the dam. There
is no exceeding of allowed tensile stress with the other
two provided earthquakes: Robic and El Centro with
amax(g)=0.35 and 10% damping.

Centro sa amaks= 0,359 i 10% priguSenje), nema
prekoracenja dozvoljenog napona zatezanja.

Lokacije, raspored i vrednosti prekoradenja
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dozvoljenog napona zatezanja takvi su da se prema
prora¢unima mogu ocekivati tek minimalna oSteéenja na
vrsnim krajevima dodirne povrSine brane i osnove.

3. U svim ta¢kama u kojima postoje prekoracenja
dozvoljenog napona zatezanja, javlja se samo po jedna
ekskurzija. Dijagrami kumulativhog prekoracenja napona
zatezanja betona ukazuju na veoma mala oSte¢enja, ¢ak
i kada je u pitanju zemljotres Z2 (Albatros sa PGA =
0,359 i 10% priguSenja)

Konstruktivnim armiranjem gornje trecine lica brane
povrSinskom armaturom, sigurnost  brane u slucaju
zemljotresa bice poveéana.

4.  Naponsko stanje na obalama je prihvatljivo, a
kao takvo procenjeno je i u pogledu kvaliteta stenovite
mase profila brane ,Sv. Petka”.

5. Kontaktnim i konsolidacionim injektiranjem, zona

dodira brane i osnove bic¢e znatno poboljSana.
Naponi pritiska u brani, koji poti€u od statickih i
dinamickih optereéenja, znatno su ispod dozvoljenih
vrednosti. Kako je PRITISAK forma rusenja lu¢nih brana,
niske vrednosti napona pritiska predstavljaju jo$ jedan
od indikatora visokog stepena bezbednosti koji je uodljiv
kod brane ,Sv. Petka”.
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REZIME

LUCNA BRANA “SV. PETKA” U R. MAKEDONIJI
Vladimir SIMONCE

Predmet ovog ¢&lanka je telo lu¢ne brane “Sv. Petka:
geometrija, statiCke i dinamicke analize.

Brana “Sv. Petka” je tanka luéna brana dvojne
krivine, gradevinske visine 64 m i duZine po kruni 115 m.
Debljina po kruni 2.0 m i ona je konstantna na ovoj koti,
a u osnovi debljina je 10.0 m. Lukovi su konstruisani sa
3 centra. Brana je neprelivna.

Analiziran je odgovor brane na primarna (sopstvena
tezina i hidrostaticki pritisak), sekundarna (temperatura) i
izuzetna (zemljotresi) optereéenja.

Dinamicki proradun je sproveden spektralnom
teorijom (Response Spectrum Analysis) i pra¢enjem
ubrzanja po vremenskoj istoriji (Time-History analysis).
Kao input koriS¢eni su zemljotresi Albatros, Ulcinj, Crna
Gora 15.04.1979g magnitudom M=7.0, Robi¢, registriran
na steni za vreme zemljotresa u Furlaniji — Severna
Italija sa magnitudom M=6.1 i El Centro, U.S.A., 1940 g,
magnitude M=6.1. Projektno ubrzanje na nivo osnovne
stene za projektni zemljotres Z1 propisano je sa amax
(g)=0.25 a za projektni zemljotres Z2 sa amax (g)= 0.35.

U radu su prezentirani i analizirani podaci o
odgovoru brane na merodavne kombinacije opterecenja,
sa posebnim naglaskom na dinami¢ki odgovor.
Komentarisani su rezultati spektralne analize i analize
pracenjem ubrzanja koriS¢éene vremenske istorije.
Analizirane su sve ekskurzije iznad dozvoljenog
naprezanja na zatezanje i Kkonstruisana su dva
dijagrama kumulativnih prekora¢enja u svim tackama
uzvodnog i nizvodnog lica brane. Na osnovu rezultata
sprovedenih prora¢una zaklju¢eno je da brana poseduje
potrebnu nosivost i sigurnost na staticka i dinami¢ka
optereéenja.

Kljuéne reéi: luéna brana, kriterijumi proracuna,
statiCka analiza, dinamicka analiza, kriterijum
povredljivosti.

SUMMARY

ARCH DAM “SV. PETKA” IN R. MACEDONIA
Vladimir SIMONCE

The subject of this paper is the body of the arch dam
“Vs. Petra” in R. Macedonia: geometry, static and
dynamic analyses.

The dam “Vs. Petra” is a thin concrete shell dam with
double curvature, structural height of 64 m. In the crest
the length is 115.00 m, the thickness of the central
cantilever is 2 m (constant at that level) and the
thickness at the base is 10 m. The arches are
constructed from 3 centres. The spillway is detached
(Morning Glory Spillway).

The response of the dam on static usual, unusual
and extreme loading combinations and dynamic unusual
and extreme combinations have been analyzed.

Response spectrum and Time-history analysis is
carried out on earthquakes Albatros, Ulcin, Montenegro
15.04 1979 with magnitude M=7.0, Robic, earthquake
registered in Furlania, North Italy M=6.1 and El Centro,
U.S.A. 1940 M=6.1. Design acceleration on basic rock
for Operating Basis Earthquake (OBE- Z1) was
prescribed as amax(g)= 0.25, and for Maximum Design
Earthquake (MDE-Z2) amax(g)= 0.35.

In the paper response of the dam on the static, and
especially on dynamic loading combinations is given.
Results of Spectral analysis and Time-History analysis
are presented. All excursions above tensile strength of
concrete are analyzed and two diagrams of performance
assessments of upstream and downstream face of the
dam are constructed.

The results of the analyses show that the body of the
dam has the bearing capacity and the safety coefficients
to the static and dynamic input.

Keywords: arch dam, design criteria, static analysis,
dynamic analysis, damage criteria
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NOVI POLIGONALNI HISTEREZISNI MODEL ZA SIMULIRANJE EFEKTA
SUPERELASTICNOSTI LEGURA SA SVOJSTVOM PAMCENJA OBLIKA

NEW POLYGONAL HYSTERETIC MODEL FOR SIMULATION OF SUPERELASTICITY
EFFECT OF SHAPE MEMORY ALLOYS

Koce TODOROV
Svetlana PETKOVSKA ONCEVSKA

1 uvoD

Legure koje pamte oblik pripadaju grupi inteligentnih
materijala s velikim potencijalom za primenu u
inteligentnim konstrukcijama i sistemima [2,11]. Efekti
pamcéenja oblika i efekat superelasti¢nosti Cine ove
materijale razli¢itim od ostalih materijala koji se
primenjuju u inZenjerskoj praksi. Ovi neuobicajeni
makroskopski efekti, koji su rezultat promene kristalne
strukture materijala, prouzrokovani su martinzitnom i
reverzibilnom (povratnom) transformacijom.

Pomenuti makroskopski efekti registrovani su kod
legura razli€itog sastava. Prema svojoj komercijalnoj
primeni, legure sa svojstvom pamcenja oblika dele se na
tri grupe: legure s komercijalnom primenom i serijskom
proizvodnjom (Ni-Ti; Ni-Ti-Cu; Cu-Zn-Al), legure koje su
na pragu komercijalne proizvodnje (Cu-Al-Ni; Fe-Mn-Si) i
legure koje, pored obavljenih naucnih istrazivanja,
ispoljavaju odredeni potencijal za primenu, ali se
karakteriSu  velikom  krutoSéu odnosno  njihova
proizvodnja je priliéno teSka (Ni-Al; Ni-Ti-zZn) [9]. Nikl-
titanijumske legure ispoljavaju mnoge prednosti koje
doprinose tome da se one najceSée Kkoriste u
komercijalne svrhe. Ove legure poseduju sposobnost
pamcenja velikog procenta povratnih dilatacija (i do 8%).
One su stabilne pri ciklickom tretmanu s termic¢kim i
mehani¢kim opterecivanjem, imaju izvanrednu otpornost
na koroziju i veliku duktilnost. Legure bakra, u poredenju
s nikl-titanijumskim  legurama, ispoljavaju manju
sposobnost za povratne deformacije (od 4 do 6%) iimaju
smanjenu otpornost na koroziju, ali zbog niske cene
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1 INTRODUCTION

Shape memory alloys belong to the group of
intelligent materials with a high potential of application to
intelligent structures and systems [2, 11]. The shape
memory effect and the effect of super elasticity make
these materials different from the remaining materials
that are applied in engineering practice. These unusual
macroscopic effects are the result of the change of the
crystal structure of the material, caused by martensite
and reversible transformation.

These macroscopic effects have been observed at
different alloys composition. According to their
commercial use, shape memory alloys are divided into
the three main groups: alloys that are commercially used
and produced in assembly line production (Ni-Ti; Ni-Ti-
Cu; Cu-Zn-Al), alloys that are on the threshold of
commercial production (Cu-Al-Ni; Fe-Mn-Si) and alloys
that, according to the performed scientific research,
show a certain potential for use but are characterized by
either great brittleness or quite difficult production (Ni-Al;
Ni-Ti-Zn) [9]. Nickel-titanium alloys exhibit a great
number of superior characteristics that contribute to their
most frequent commercial use. These alloys have the
ability of memorizing a high percentage (even up to 8%)
of reversible strains. They are stable under cyclic
treatment with thermal and mechanical loads, highly
resistant to corrosion and characterise with a great
ductility. Copper based alloys compared with the nickel-
titanium ones show lower capability regarding reversible
strains (4 to 6%) and are less resistant to corrosion, but
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proizvodnje, konvencionalnog metalurgijskog procesa
proizvodnje i Sirokog opsega transformacijskih
temperatura sve viSe se zamenjuju Ni-Ti legurama za
odredene primene.

Legure koje pamte oblik predstavijaju relativno novu
grupu materijala, ¢ija se primena u gradevinarstvu, kao
jedne od najkonzervativnijih oblasti u tehnici, postepeno
namec¢e u poslednjih deset godina, uz najnovije
spoznaje iz istrazivanja u ovoj oblasti [4, 5, 7 i 13].
Jedinstvene karakteristike SMA — kao Sto su veliki
kapacitet priguSenja, moguénost velikih povratnih
napona i dilatacija, sposobnost samocentrisanja i
izvanredna otpornost na koroziju — &ine ove materijale
pogodne za primenu u sistemima pasivnog i aktivhog
upravijanja konstrukcija, kao inteligentna sredstva za
vezivanje s pobudivadima, senzorima, kao materijali za
prednaprezanje i spoljasnje pritezanje, materijali koji se
koriste za sanacije itd.

2 OSNOVNA SVOJSTVA LEGURA SA SVOJSTVOM
PAMCENJA OBLIKA

Termin Shape memory alloys — SMA objedinjuje
grupu metala sa sposobnoSc¢u vra¢anja na prethodno
definisane forme — oblik ili geometrije, kada su izlozeni
odredenom termomehani¢kom tretmanu. Na mikronivou,
materijal menja mikrostrukturu. Na makronivou, to se
odslikava preko dva karakteristicha efekta: efekta
pamcenja oblika i efekta superelasti¢nosti. Zavisno od
kristalne strukture, legura koje pamti oblik moze povratiti
zaostale — plasticne deformacije ako se posle
rastereCenja izlaze procesu zagrevanja (efekat
jednosmernog pamcenja oblika) posle resterecenja, ili se
moze vratiti na prvobitni nedeformisani oblik u procesu
opterec¢enja i rastereéenja, iako je prethodno doZivela
relativno velike nelinearne deformacije (nekad i do 18%).

2.1 Kiristalografska struktura i fazna transformacija

Legure koje pamte oblik, u zavisnosti od stanja
kristalne strukture, moze da se sretne u dve razliCite
stabilne faze: austenitna i martenzitna. Karakteristi¢no,
austenitna faza je stabilna na niskim temperaturama i pri
niskim naponima, dok je martenzitna faza stabilna na
niskim temperaturama i pri visokim naponima. Osim
toga, martenzitna faza moze se sresti u dve razliGita
varijante: sjedinjene ili razdvojene martenzitne faze
(twinned, detwinned martensite). S druge strane,
austenitna faza zauzima samo jednu formu, uz teznju da
postane ¢vrS¢a i jaca. Fazna promena ovih legura
deSava se kada se materijal nalazi u ¢vrstoj fazi,
odnosno pri temperaturi koja je znatno niza od tacke
topljenja materijala. 1z tog aspekta, fazna transformacija
uobi¢ajeno se naziva transformacija od tvrde do tvrde
(solid-to-solid transformation).

Na relativno visokim temperaturama, legura koja
pamti oblik je u austenitnoj fazi, koju karakteriSe kubna
kristalna struktura, pri ¢emu svaki atom pamti susedni.
Sa hladenjem, kristalna reSetka se transformiSe u
sjedinjene martenzitne s monokliniéhom kristalnom
strukturom. Promena kristalne strukture iz austenitne u
martenzitnu fazu jeste takozvana martenzitna
transformacija. PoSto je Zeljeni oblik definisan kada je
materijal u austenitnoj fazi, ova faza ¢esto se smatra

due to the lower cost of production, the conventional
metallurgic process of production and wide range of
transformation temperatures, they are increasingly
replacing the Ni-Ti alloys in certain applications.

Shape memory alloys represent a relatively new
group of materials, whose application in civil
engineering, as one of the most conservative
engineering fields, has gradually been imposed for the
last ten years, following the latest knowledge gained
from the investigations in this field [4, 5, 7, and 13]. The
unique characteristics of SMA: high damping capacity,
high level of stress and strains recovery, re-centring
capabilities, and high corrosion resistance make these
materials appropriate for application in systems for
passive and active structural control, as smart
connectors, actuators, sensors, as materials for
prestressing and external posttensioning, materials for
retrofit applications, etc.

2 BASICS OF SHAPE MEMORY ALLOYS

The term shape memory alloys - SMA refers to a
group of metallic materials, which have the ability to
return to their predefined form, shape or geometry if
exposed to an appropriate thermo-mechanical treatment.
At micro level, the material changes its crystal lattice. At
macro level, this is reflected by two characteristic effects:
the shape memory effect and the effect of
superelasticity. Depending on the state of the crystal
structure, shape memory alloys can recover residual
plastic deformations if subjected to a heating process
(one-way shape memory effect) after unloading, or can
return to the initial shape in the process of loading and
unloading despite the previously experienced relatively
large (sometimes up to 18%) nonlinear deformations.

2.1 Crystallographic structure and phase
transformation

Depending on the state of the crystal structure,
shape memory alloys can be found in two different
stable phases: austenite and martensite. Typically, the
austenite phase is stable at high temperatures and low
stresses while the martensite phase is stable at low
temperatures and under high stresses. Moreover, the
martensite phase can be found in two different variants:
twinned or detwinned martensite. On the other hand, the
austenite phase only takes on a single form and tends to
be harder and stronger. Phase transformation of these
alloys occurs at solid state of the material, i.e., at a
temperature, which is quite lower than the melting point
of the material. For this reason, phase transformation is
usually called solid-to-solid transformation.

At relatively high temperatures, a shape memory
alloy is in its austenite phase, characterized by a cubic
crystal structure, whereat each atom remembers its
neighbour. With cooling, the crystal lattice is transformed
into twinned martensite with monoclinic crystal structure.
The change of the crystal structure from austenite to
martensite phase is called martensite transformation.
Since the desired shape is defined when the material is
in the austenite phase, this phase is often referred to as
the natural stage. The transformation from austenite to
martensite phase occurs through a displacive process,
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prirodnim  stanjem. Transformacija austenitne u
martenzitnu fazu javlja se zbog proklizavanja koje ipak
ne podrazumeva makroskopske promene oblika uzorka
(9).

Martenzitna transformacija moze biti uzrokovana
promenom temperature (hladenje), ili nanoSenjem
spoljasSnjeg opterecenja (promena unutrasnjih napona).
Ako se posle zavrSetka martenzitne transformacije
poveCa temperatura, martenzitna faza postaje
nestabilna. Ova pojava rezultira vracanjem kristalne
reSetke u prirodnu fazu, odnosno u originalnu
konfiguraciju. To se naziva reverzibilna (povratna)
transformacija. (sl.1).

which does not imply, however, macroscopic changes in
the shape of the specimen [9].

Martensite transformation can be induced by the
change of temperature (cooling) or application of an
external load (change of internal stresses). If there is a
temperature increase after the completion of the
martensite  transformation, the martensite phase
becomes unstable. This results in the return of crystal
lattice into it natural phase, i.e. original configuration.
This process is called reversible transformation, Fig.1.

Reversible
transformation
Martensite
transformation : '
' T
(CCVN
- f \ 7 /
Twmned_ Me Ms  As Ar Austenite
martensite

Slika 1. Sematski prikaz martenzitne i reverzibilne transformacije
Figure 1. Schematic presentation of martensite and reversible transformation

Legura koja pamti oblik u nenapregnatom stanju,
karakteriSe se sa Cetiri temperature transformacije:
temperatura pocetka martenzitne transformacije Ms
(struktura materijala pocinje da se transformirSe iz
austenitne u martenzitnu fazu), temperatura na kraju
martenzitne transformacije Mg (celokupna struktura se
nalazi u martenzitnoj fazi), temperatura pocetka
reverzibilne transformacije As (struktura materijala
pocinje da se transformiSe iz martenzitne u austenitnu
fazu) i temperatura na kraju reverzibilne transformacije
Ar (cela struktura je u austenitnoj fazi).

Temperatura transformacije, koja moze biti u prili¢éno
Sirokom opsegu, pretezno zavisi od sastava
(kompozicije) i proizvodnje legure, ali moze biti zavisna i
od drugih faktora kao Sto su atomski red, unatrasnji
naponi, defekti u kristalnoj reSetki, itd.

2.2 Termomehaniéko ponaSanje

Kao rezultat termoelasti¢ne martenzitne
transformacije, zavisnost napon—dilatacija kod legura s
pomcenjem oblika jeste nelinearna. Pored toga, ona je
histerezisna i s velikim kapacitetom povratnih nelinearnih
deformacija. Na makroskopskom nivou, transformacija
kristalne strukture, kao mikroskopska pojava, ispoljava
se preko dva efekta, koji su karakteristicni samo za
materijale  koji pamte oblik. To su efekat
superelasti¢nosti i efekat paméenja oblika.

2.2.1 Efekat superelasti¢nosti
Efekat superelasti¢nosti se javlja ako se kristalna

struktura materijala nalazi u austenitnoj fazi. Martenzitna
transformacija moze biti inicirana ili promenom

In a stress-free state, a SMA is characterized by four
transformation temperatures: the temperatures at the
start of the martensite transformation Ms, (the material
structure starts to transform from austenite to
martensite), the temperatures at the completion of the
martensite transformation Mg (the whole structure is in
the matensite phase), the temperature at the start of the
reversible transformation As (the material structure starts
to transform from martensite to austenite) and the
temperatures at the completion of the reversible
transformation Ar (the whole structure is in the austenite
phase).

The temperatures of transformation, that can range
quite widely, mainly depend on the composition and
processing of the alloy, but also on other factors such as
the atomic order, internal stresses, defects in crystal
lattice, etc.

2.2 Thermo-mechanical behaviour

As a result of the thermo-elastic martensite
transformation, the stress-strain relationship of shape
memory alloys is nonlinear, hysteretic and with a great
ability for reversible nonlinear deformations. At
macroscopic level, the transformation of the crystal
structure as a microscopic phenomenon is reflected
through two effects that characterize shape memory
materials. These are: effect of superelasticity and the
shape memory effect.

2.2.1 Effect of superelasticity

The superelastic effect takes place when the crystal
structure of the material is in the austenite phase. The
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unutradnjih  napona pri  konstantnoj temperaturi
(izotermalni proces), ili s promenom temperature za
konstantan nivo unutraSnjeg naprezanja (izobarni
proces), Sto je prikazano na sl. 2.

Detwinned
martensite O%G

M,

martensite transformation can be initiated either by the
change of internal stresses at constant temperature
(isothermal process) or by the change of temperature at
constant level of internal stresses (isobaric process), Fig.
2.

-

A,

Stress

Twinned {:Iv
martensite =

Austenite H

T

M.' |!I"":i ""I:i A.‘
Temperature

Slika 2. Sematski prikaz faze promena za izobarnu i izotermalnu martenzitnu transformaciju
Figure 2. Schematic presentation of phase change at isobaric and isothermal martensite transformation

U izotermalnom procesu, martenzitna transformacija
pocinje u momentu kada intenzitet spoljasSnjih napona
dostigne vrednost sys, a kompletno se zavrSava s
naprezanjem Sy;. Za ovakvu transformaciju, struktura
materijala prelazi u razdvojenu (detwined) martenzitnu
varijaciju. Ukoliko se u ovom stanju materijal rasterecuje,
za napon sas pocinje transformacija iz martenzitne u
austenitnu fazu koja se zavrSava pri naponu sa. Za
kompletno rastereCenje materijala, zbog promena
unutrasnje strukture gube se sve deformacije koje su se
dogodile — materijal se vra¢a u poc¢etno, nedeformisano
stanje. Zavisnost napon-dilatacija za superelasti¢no
ponaSanje aksijalno napregnutog elementa u austenitnoj
fazi, prikazana je na sl. 3. a.

U procesu opterecivanja i rasterecenja, zbog razlike
izmedu napona Swr i Sas, kao i izmedu napona Sws i Sar,
nivo napona pri prelasku iz martenzitne u austenitnu
fazu (sas® saf) manji je od nivoa napona koji odgovaraju
prelasku iz austenitne u martenzitnu fazu (Sws® Swr), pri
¢emu se javlja razlika u deformacijama energije za
opterecivanje i rasterec¢ivanje. Ova dovodi do formiranja
histerezisnog efekta u kojem se disipira odredena
koli¢ina ulazne energije bez pojava zaostalih plasti¢nih
deformacija. Intenzitet temperature pri opterecenju i
rastereéenju utiCe na intenzitet napona transformacije,
medutim, forma histerezisnih petlji u principu se ne
menja.

Efekat superelasticnosti moze biti prouzrokovan
promenom unutraSnje temperature materijala za
konstantni nivo unutraSnjih napona. Ukoliko se materijal
nalazi u austenitnoj fazi i izloZi se konstantnom naponu,
manjem od napona na pocetku martenzitne
transformacije, tada ¢e se on joS uvek nalaziti u
austenitnoj fazi. Ako u ovom stanju po¢ne smanjivanje
temperature, u stanju kada unutraSnja temperatura
dostigne vrednost Ms®, dolazi do termicki inicirane

In an isothermal process, the martensite
transformation starts at the moment when the intensity of
internal stresses reaches the value of sws, and is
completely finished at stress sur. At such transformation,
the structure of the material gets into detwinned
martensite variation. If, in this state, the material is
unloaded, at stress sas, there starts the transformation
from martensite to austenite phase that ends at stress
sar. At complete unloading of the material, due to the
change of the inner structure, all the experienced
deformations are lost and the material returns to the
initial non-deformed state. The stress-strain relationship
during superelastic behaviour of an axially loaded
element in the austenite phase is shown in Fig. 3a.

In the process of loading and unloading, due to the
difference between stresses sur and sSas, as well as
between stresses sus and sar, the level of stress at the
transition from the martensite to the austenite phase
(sas® saf) is lower than the stress level at the transition
from the austenite to the martensite phase (Sus® Swi),
whereat there occurs a difference in the deformation
energy for loading and unloading. This leads to a
hysteretic effect during which a certain quantity of input
energy is dissipated without occurrence of residual
plastic deformations. The temperature intensity at
loading and unloading has an influence upon the
intensity of the transformation stresses; however the
form of the hysteretic loop does not change, in principle.

The effect of superelasticity can also be caused by
the change of the inner temperature of material at
constant level of internal stresses. If the material is in the
austenite phase and is exposed to constant stress,
which is lower than the stress at the beginning of the
martensite transformation, then it will still be in the
austenite phase. If in this state, there starts a decrease
in  temperature, a thermally initiated martensite

58

GRADEVINSKI MATERIJALI | KONSTRUKCIJE 55 (2012) 3 (55-68)
BUILDING MATERIALS AND STRUCTURES 55 (2012) 3 (55-68)



martenzitne transformacije. Martenzitna transformacija i
u tom sluCaju karakteriSe se razvojem velikih
makroskopskih dilatacija transformacija, &iji razvoj se
zavrSava kada temperatura dostigne vrednost Mg
Kasnije hladenje na temperaturama nizim od
temperature na kraju martenzitne transfomacije, dovodi
samo do pojave termoelasti¢nih dilatacija skupljanja,
proporcionalnih koeficijentu linearnog Sirenja/skupljanja
materijala u martenzitnoj fazi. Dilatacije transformacije
nekoliko desetina puta su vece od termoelasti¢nih
deformacija za istu temperaturnu razliku. Za poveéanje
temperature, dok dostigne temperaturu pocetka
reverzibilne transformacije As®, nastaju termoelasti¢ne
dilatacije Sirenja. Posle prekoraéenja ovih temperatura,
pocinje proces reverzibilne transformacije koja se
reflektuje razvojem transformacionih dilatacija skupljanja
koje se zavrSavaju na temperaturi A (sl. 3.b).
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transformation will take place in conditions when the
inner temperature reaches the value of Ms®. Also in this
case, the martensite transformation is characterized by
the development of large macroscopic deformation
strains, whose development ends when the temperature
reaches the value of Mg®. Further cooling temperatures
lower than the temperature at the end of the martensite
transformation leads only to occurrence of thermo-elastic
shrinkage strains that are proportional to the coefficient
of linear spreading/shrinkage of the material in the
martensite phase. The transformation strains are several
tens of times higher than the thermo-elastic
deformations for the same temperature difference. At
increase of temperature up to the achievement of the
temperature at the beginning of the reversible
transformations As®, thermo-elastic expansion strains
take place. After the exceeding of such temperature,
there starts the process of reversible transformation,
which is reflected through the development of
transformation shrinkage strains that end at temperature
of A:®, Fig. 3.h.
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Slika 3. Karakteristi¢ni dijagrami: a) napon-dilatacija za izotermalni i b) dilatacija-temperatura za izobarni proces
superelastic¢og ponaSanja
Figure 3. Characteristic diagrams: a) stress-strain at isothermal process and, b) strain-temperature at isobaric process of
superelastic behavior

2.2.2 Efekat promene oblika

Efekat promene oblika se javlja kada se materijal na
radnoj temperaturi nalazi u martenzitnoj fazi. Ukoliko se
u ovom stanju on napregne do odredenog nivoa, sli¢no
kao i kod ostalih duktilnih materijala, dolazi do pojave
plasti¢nih deformacija koje ostaju i posle kompletnog
rastere¢enja. Karakteristicno za legure s pamdcenjem
oblika jeste to Sto ukoliko se u ovako deformiranom
nenepregnutom stanju materijal izlaze termickom
tretmanu s povecanjem temperature, menja se njegova
unutrasnja struktura i iz martenzitne prelazi u austenitnu
fazu. Ovaj prelaz karakteriSe se  potpunom
reverzibilnoS¢u  (povratnoS¢u) zaostalih  plastiénih
deformacija, koja se zadrzava i posle ponovnog
hladenja, odnosno transformacije iz austenitne u
martenzitnu fazu (sl. 4). Proces pri kojem materijal pamti
svoju prirodnu formu u austenitnoj fazi poznat je kako
jednosmeran efekat pamcéenja oblika.

2.2.2 Shape memory effect

The shape memory effect takes place when the
material is in the martensite phase under working
temperature. If, in this state, it is stressed to a certain
level, similar to the remaining ductile materials, the
material suffers plastic deformations that remain even
after complete unloading. For the shape memory alloys,
it is characteristic that, if in such deformed non-stressed
state, the material is exposed to thermal treatment by
increase of temperature, its inner structure changes from
martensite to austenite phase. Such transition is
characterized by complete reversibility of the residual
plastic deformations, which is maintained also after re-
cooling, i.e., transition from austenite to martensite
phase, Fig. 4. The process during which the material
memorizes its natural form in the austenite phase is
referred to as one-way shape memory effect.
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Slika 4. Fazna promena i karakteristi¢ni dijagram napon—dilatacija pri pojavi efekta pamcenja oblika
Figure 4. Phase change and characteristic stress-strain diagram at the occurrence of shape memory effect

Uzrok pojave efekta paméenja oblika jeste
termoelastiéna martenzitna transformacija kristalne
strukture. Naime, pri smanjenju temperature, kristalna
struktura transformiSe se iz austenitne (prirodne faze) u
spregnutu (twined), martenzitnu fazu, pri ¢emu se na
makroskopskom nivou u materijalu ne beleze nikakve
znaCajne promene. S mikroskopskog glediSta, pri
martenzitnoj transformaciji, slobodne povrsine materijala
formiraju fine reljefne strukture. Ukoliko se pri ovakvom
stanju materijal deformiSe (zatezanje, pritisak, savijanje,
torzija), kristalna struktura prelazi u razdvojenu
(detwined) martenzitnu varijaciju i kod materijala se
javlja vidljiva deformacija koja ostaje i posle prestanka
dejstva spoljasSnjeg opterecenja.

3 POLIGONALNI HISTEREZISNI MODEL ZA
SIMULIRANJE EFEKTA SUPERELASTICNOSTI

Vazan preduslov za uvodenje legura sa svojstvom
pamcenja oblika u proces projektovanja jeste razvoj
konstitutivnih modela kojima se reprodukuje slozeno
makroskopsko ponaSanje materijala. lako se u literaturi
mogu pronaci brojni materijalni modeli kojima se
uspesSno simulira ponaSanje legura koje pamte oblik pri
dejstvu ciklicnog opterec¢enja [1, 3, 10], deo njih moze
biti dosta slozen i tezak za implementaciju u postojece
kompjuterske kodove. S tim ciljem, razvijen je novi
histerezisni model za opisivanje efekata
superelasti¢nosti pri ciklichom aksijalnom opterecenju
[12]. Saglasno svojoj prirodi, ovaj model svrstava se u
grupu poligonalnih histerezisnih modela s promenljivom
tangentnom krutoScu.

Definisani model omogucuje zadovoljavajuce
simulacije procesa ciklicnog optereéenja i rasterecenja
zategnutog elementa. U modelu je pretpostavljeno da je
negativna grana, kojom se definiSe ponaSanje na
pritisak, simetri¢na s pozitivnom, pri ¢emu se za njeno
opisivanje koriste iste materijalne konstante. Ukoliko se
eksperimentalnim  ispitivanjem  pokaze da su
karakteristi€ne vrednosti na pritisak razli¢ite od vrednosti
pri zatezanju, moguée je definisanje asimertiCne
histerezisne petlje uz primenu istih konstitutivnih relacija.
Naravno, s tim ciliem potrebno je definisanje sedam
novih materijalnih konstanti koje vaze za pritisnuti deo.

The reason for the occurrence of the shape memory
effect is in the thermo-elastic martensite transformation
of the crystal structure. Namely, in the case of the
decrease of temperature, the crystal structure is
transformed from austenite (natural phase) to ,twinned“
martensite phase, whereat the material does not suffer
any significant change at macroscopic level. From
microscopic ~ viewpoint, during the  martensite
transformation, a fine relief structure is formed on the
free surface of the material. If in such state, the material
is deformed (tension, compression, bending, torsion),
the crystal structure passes over to a ,detwinned®
martensite variation whereat the material undergoes
visible deformations that remain even after termination of
the external load effect.

3 POLYGONAL HYSTERETIC MODEL FOR
SIMULATION OF SUPERELASTICITY EFFECT

An important prerequisite for the introduction of
shape memory alloys in the design process is the
development of constitutive models able to reproduce
the complex material macroscopic behaviour. Although
in literature there are a large number of material models
that successfully simulate the behaviour of shape
memory alloys under the effect of cyclic loads [1, 3, 10],
some of them can be quite complex and difficult for
implementation in the existing computer codes. For that
purpose, a new hysteretic model has been developed to
describe the superelasticity effect under cyclic axial
loads [12]. According to its nature, this model belongs to
the group of polygonal hysteretic models with variable
tangent stiffness.

The defined model enables a satisfying simulation of
the process of cyclic loading and unloading of tensile
elements. In the model, it is assumed that the negative
branch, which defines the behaviour under compression,
is symmetrical with the positive one, whereat the same
material constants are used for its description. If the
corresponding experimental investigation proves that the
characteristic values under compression are different
from the values under tension, it is possible to define an
asymmetric hysteretic loop by application of the same
constitutive laws. Certainly, for that purpose, it will be
necessary to define seven new material constants that
will hold for the part referring to compression.
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3.1 Definicija materijalnih modela

Opisivanje zavisnosti napon—dilatacija u
predlozenom materijalnom modelu zasniva se na sedam
materijalnih  konstanti, dobijenih  eksperimentalnim
ispitivanjem (sl. 5).
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3.1 Definition of material model
The description of the stress-strain relationship in the

proposed material model is based on material constants
obtained by experimental tests, Fig. 5.
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Slika 5. Zavisnost napon—dilatacija pri superelastic(nom ponaSanju
Figure 5. Stress-strain relationship at superelastic behaviour

Ulazni parametri za definisanje materijalnih modela
jesu dva karakteristit(na modula elasti¢nosti  u
austenitnoj i martenzitnoj fazi Ea i Ew, Cetiri
transformaciona napona: napon na pocetku i na kraju
martenzitne transformacije sms i Smr, Naponi na pocetku
i na kraju austenitne transformacije sas i Sar, i dilatacije
pri kraju martenzitne transformacije eve.

Ostali parametri potrebni za difinisanje zavisnosti
napon—dilatacija, modul transformacije, dilatacije na
poCetku martenzitne i reverzibilne transformacije i
dilatacije na kraju austenitne transformacije, mogu se
izraGunati pomocu prethodno definisanih konstanti:

Input parameters for definition of the material model
are the two characteristic modulus of elasticity in the
austenite and martensite phase Ex and Ewm, the four
transformation stresses: the stresses at the beginning
and at the end of the martensite transformation suys and
Swr, the stresses at the beginning and at the end of the
austenite transformation sas and sar, and the strain at
the end of the martensite transformation eue.

The remaining parameters that are necessary for
definition of the stress-strain relationship, the modulus of
transformation, the strains at the beginning of the
martensite and reversible transformation and the strain
at the end of the austenite transformation, can be
computed by means of the previously defined constants:

E :SMF'SMS . E :SAS'SAF 1)
AM ) MA
€wr - Cus €as ~ €ar
_Swms — Swme ™ Sas _Sar
Cus = ; €5 = Cyr ; €\ = 2
EA EM EA

Veza izmedu napona i dilatacija u predlozenom
modelu definisana je promenom tangentnog modula
elasti¢nosti za postupak cikliénog opterec¢ivanja s
kontrolom deformacija. To podrazumeva da je istorija
promene dilatacija poznata, a potrebno je da se dobije
istorja promene napona. Prirast dilatacija jednak je
razlici dilatacija dva susedna koraka.

De=e¢ -
Ako je ova vrednost pozitivha, registruje se
optere¢ivanje, dok se u suprothom registruje -—
rastereCivanje.

Prirast napona dobija se kao proizvod tangentnog
modula elasti¢nosti i prirasta dilatacija, dok ¢e se
vrednost napona dobiti ukoliko se na prethodnu vrednost
napona doda proracunati prirast:

Ds =E,

The stress-strain relationship in the proposed model
is defined by the variation of the tangential modulus of
elasticity for the procedure of cyclic loading at control of
deformations. This means that the history of variation of
strains is known and it is necessary to obtain the history
of variation of stresses. The increase of strains is equal
to the difference of strains in two successive steps.
€.,

©)

If this value is positive, a loading process occurs. In
the opposite case, there is an unloading process.

The increase of stresses is obtained as a product of
the tangential modulus of elasticity and the strain
increase, while the stress value is obtained by adding
the computed increase to the previous stress value.

xDe “
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S, =

Na taj nacin, problem opisivanja zavisnosti napon—

dilatacija svodi se na odredivanje trenutnog tangentnog

modula elastiénosti. Radi njegovog lakSeg definisanja,

zavisnost napon-dilatacija podeljena je na tri grane (sl.

6), pri ¢emu je tangentna krutost svakog od njih
definisana odgovaraju¢im relacijama.

s, +Ds (5)

Thus, the problem of describing the stress-strain
relationship is reduced to defining the current tangential
modulus of elasticity. Due to its easier definition, the
stress-strain relationship is divided into three branches,
Fig. 6, whereat the tangent stiffness of each of these is
defined by corresponding relationships.
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Slika 6. Karakteristiche grane zavisnosti napon—dilatacija
Figure 6. Characteristic branches of the stress-strain relationship

Deo | (O, A) definiSe stanje napona i dilatacija kada
se materijal nalazi u potpunoj austenitnoj fazi -

€< €,.. Za ovaj deo, pri opterecenju i rastere¢enju,
tangentni modul jednak je austenithom modulu
elasticnosti - E; = E, .

Deo Il (A, B, C, D) predstavija glavnu histerezisnu

petlju, pri €emu se vrednost dilatacija nalazi u podrucju
izmedu dilatacija na kraju austenitne faze i dilatacija na

kraju martenzitne faze, t. — €, <€< €. Pri
potpunom opterecenju i rasterecenju, tangentni modul
jednak je modulu karakteristiénom za svaku fazu: deo
(A.B), E; =E,:;deo(B,C), E; =E,,; deo(C,D),
E; =E, ;deo (D, A), E; =E,,,.

Ukoliko vrednost dilatacija, pri optereCenju i
rastereéenju, prevazide vrednost dilatacija na kraju
martenzitne transformacije € > €,,- , tada se zavisnost
nalazi u delu I, pri ¢emu je tangentni modul jednak
modulu martenzitne faze - E; = E,.

Opisane relacije vaze za proces opterecenja i
rastereéenja, pri ¢emu se odvija celokupna martenzitna,
tj. celokupna reverzibilna transformacija. Za ovakav
proces, vrednosti napona i dilatacija kre¢u se po
granicama glavne histerezisne petlje
(O,B,C,E,D,A 0).

Ukoliko pri procesu optereCivanja ne otpocne i
rasterecivanje, pre nego Sto vrednosti dilatacija dostigne
vrednost na  kraju martenzitne transformacije

€ys <€<€,, formira se nova tzv. sekundarna
histerezisna petlja (sl. 7).

Part | (O, A), defines the stress-strain state when the
material is in complete austenite phase, €< €, . For

this part, during loading and unloading, the tangential
modulus is equal to the austenite modulus of elasticity,

E, =E,.
Part 1l (A, B, C, D) represents the main hysteretic
loop, whereat the value of the strains is in the range

between the strain at the end of the austenite phase and
the strain at the end of the martensite phase, i.e.,

€, <€<e€,e. During the complete loading and
unloading, the tangential modulus is equal to the
modulus characteristic for each phase: part (A, B),
E; =E,; pat B.C), E; =E,,; pat (C, D)
E; =E,;pat(D A, E; =E,,.

If the value of the strains during loading and
unloading exceeds the value of the strain at the end of
the martensite transformation € >€,,., then the

relationship is in part Ill, whereat the tangential modulus
is equal to the modulus in the martensite phase,
E,=E,.

The described relationships hold for the process of
loading and unloading whereat complete martensite, i.e.,
complete reversible transformation is performed. For
such process, the values of stresses and strains range
within the boundaries of the main hysteretic loop
(O,B,C,E,D,A 0).

If in the process of loading, one starts with unloading
prior to reaching the strain value at the end of the

martensite transformation, €,,5 < €< €,,., a new, the
so called secondary hysteretic loop is formed, Fig. 7.
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Slika 7. Sekundarna histerezisna petlja pri rasterecenju
Figure 7. Secondary hysteretic loop at unloading

Od pocetka rastereéenja (tatka F), pa sve dok
naponi ne dostignu vrednost na pocetku austenitne

transformacije S <S ,g (tacka F’), tangentni modul

mozZe se sracunati kao procentualno u¢eSée austenitnog
i martenzitnog modula, u zavisnosti od dostignute
vrednosti dilatacija u momentu kada poc¢ne rastereéenje.

From the beginning of the process of unloading
(point F) until the stresses reach the value at the

S <S g
(point F’), the tangential modulus can be computed as
percentage of participation of the austenite and

martensite modulus, depending on the reached value of
strains at the moment of unloading.

beginning of the austenite transformation

E: =E, =x>E,, +(1- X)X, (6)

gde je: where:

Se
& - =

X = A 7 O<x<1 (7

e .+ SE-Sas Si

AS
Ewv E.

U momenti kada napon S =S ,4 otpoCne proces

reverzibilne transformacije, pri ¢emu zavisnost S | €
produzava da se kre¢e po grani F’, A:

ET

Sliéne relacije vaze i ukoliko pri rastereéenju, kada
se materijal nalazi u delu reverzibilne transformacije

(D, A), za dilatacije €, <€ <€,5, zapocinje proces
opterecivanja (sl. 8).
1
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At the moment when stress s =s there starts

AS"’
the process of reversible transformation whereat

relationship S , € continues to follow the F’, A branch:

S AF

®

€ar

Similar relationships hold also if, during the process
of unloading, when the material is in the part of

reversible transformation (D, A), for straine,. <e <e,q,
there starts the process of loading, Fig. 8.

¢ B

L) pap gne

FonK

Slika 8. Sekundarna histerezisna petlja pri opterecenju
Figure 8. Secondary hysteretic loop at loading
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Tangentni modul, od pocetka optereéivanja (tacka
F), pa sve dok naponi ne dostignu vrednost koja se javlja

na pocetku martenzitne transformacije S <S |5 (tacka

F’), dobiée se kao kombinacija modula u austenitnoj fazi
i modula u martenzitnoj fazi (Eq.6). | u ovom sluéaju,
uéeSce martenzitnog dela moze se sracunati prema
relacijama datim u jednacini 7.

Prilikom optereéivanja, kada naponi dostignu
vrednost napona na pocetku martenzitne
transformacijaS = S (tacka F), zapocinje
martenzitna transformacija, pri ¢emu je tangentna
krutost jednaka:

ET

Ova zavisnost vazi sve dok dilatacija ne dostigne
vrednost koja odgovara kraju martenzitne transformacije

€ =€y, pri Cemu materijal pocinje da se ponaSa u

kompletnoj martenzitnoj fazi S tangentnim
modulomE, =E,,.
3.2 Numeri€ka simulacija

Definisani histerezisni model iskoriS¢en je za

simulaciju nekoliko karakteristi¢nih slucajeva cikli¢nog
opterecenja pod dejstvom aksijalnog pritiska i zatezanja.
Dobijeni rezultati numeri¢ke simulacije uporedeni su s
rezultatima dobijenim iz izvedenih eksperimentalnih
ispitivanja, kao i s nekim ostalim materijalnim modelima.

Prvi razmatrani primer predstavlja simulaciju procesa
parcijalnog ciklicnog opterecenja i potpunog rastere¢enja
(sl. 9i 10), pri €emu se vrednosti napona naizmeni¢no
menjaju od pritiska u zatezanje, i obratno. Drugi primer
predstavlja proces kompletnog opterecenja i parcijalnog
rastere¢enja (sl. 11 i 12), tako Sto su u prvih sedam
ciklusa dilatacije pozitivhe (zatezanje), dok su u narednih
sedam ciklusa negativne (pritisak). Dobijeni rezultati
uporedeni su s numericki dobijenim rezultatima Fugazza
[6]. Tre¢i razmatrani primer predstavlja parcijalno
opterec¢enje i parcijalno rasterecenje, pod pritiskom i
zatezanjem. Rezultati analize prikazani su s tri
karakteristiCcna dijagrama, ulazna istorija dilatacija,
prora¢unata istorija napona i zavisnost napon—dilatacija.

The tangential modulus, from the beginning of
loading (point F) until the stresses reach the value at the
beginning of the martensite transformation s <s,

(point F’), will be obtained as a combination of modulus
in the austenite phase and modulus in the martensite
phase (Eqg. 6). Also in this case, the participation of the
martensite part can be computed according to the
relationship given in Eq.7.

In the process of loading, when the stresses reach
the value at the beginning of the martensite
transformation s =s,. (point F), there starts the

martensite transformation, whereat the tangential
stiffness is equal to:
-Sg

©)
- €

This relationship will hold until the strains reach the
value corresponding to the end of the martensite

transformation € = €, , whereat the material starts to

behave in complete martensite phase with a tangential
modulus E; =E,,.

3.2 Numerical simulation

The defined hysteretic model has been used for
simulation of several characteristic cases of cyclic
loading under the effect of axial compression and
tension. The results obtained from the numerical
simulation have been compared with the results
obtained from performed experimental investigations as
well as with some other material models.

The first considered example represents simulation
of the process of partial cyclic loading and complete
unloading, Fig. 9 and Fig. 10, whereat the values of
stresses are alternately changed from compression into
tension and vice versa. The second example represents
a process of complete loading and partial unloading, Fig.
11 and Fig. 12 so that, in the first 7 cycles, the strains
are positive (tension), while in the next 7 cycles, they are
negative (compression). The obtained results have been
compared with the numerical results obtained by
Fugazza [6]. The third considered example represents a
process of partial loading and partial unloading under
compression and tension. The results from the analysis
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Slika 9. Ulazna istorija dilatacija i sracunata istorija napona u slué¢aju parcijalnog opterecenja i kompletnog rasterecenja,
primer 1
Figure 9. Input history of strains and computed history of stresses in the case of partial loading and complete unloading,
Example 1
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Slika 10. Sracunata zavisnost napon-dilatacija i poredenje s rezultatima dobijenim u [6], primer 1
Figure 10. Computed stress-strain relationship and comparison with the results obtained by Fugazza [6], Example 1
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Slika 11. Ulazna istorija dilatacija i sra¢unata istorija hapona za slu¢aj kompletnog opterecenja i parcijalnog rasterecenja,
primer 2
Figure 11. Input history of strains and computed history of stress in case of complete loading and partial unloading,
Example 2
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Slika 12. Srac¢unata zavisnost napon—dilatacija, primer 2, poredenje s rezultatima dobijenim u [6]
Figure 12. Computed stress-strain relationship, Example 2, and comparison with the results obtained by Fugazza [6]

Numeri¢ka analiza za prva dva primera sprovedena
je za isti modul elastinosti u austenitnoj i martenzitnoj
fazi. Vrednosti materijalnih karakteristika usvojene su
prema podacima datim u referenci [6] i iznose:
EAa=Em=40000 MPa, evr=7.2%, suws=500MPa,
Sur=600MPa, sas=300MPa, sar=200MPa.

S ciliem da se prikaze funkcionisanje histerezisnog
modela i za materijale s razli¢itim deformacijskim
karakteristikama u austenitnoj i martenzitnoj fazi, u
tre¢em primeru usvojeni su razli¢iti moduli elasti¢nosti za
dve karakteristicne faze: EA=60000 MPa,
Ev=20000 MPa, euw=6%, sms=500MPa, smr=600MPa,
sas=300MPa sar=200MPa (sl.13 i 14).

are presented by three characteristic diagrams, input
history of strains, computed history of stresses and
stress-strain relationship.

Numerical analysis of the first two examples has
been carried out for the same modulus of elasticity in the
austenite and martensite phase. The values of the
material characteristics have been adopted according to
the data given in reference [6] and amount to:
EA=Em=40000 MPa, evr=7.2%, suws=500 MPa,
Swr=600 MPa, sas=300 MPa, sar=200 MPa.

To present the functioning of the hysteretic model
also for material with different deformation characteri-
stics in the austenite and martensite phase, in the third
example, different modulus of elasticity have been
adopted for two characteristic phases: Ea=60000 MPa,
Enm=20000 MPa, eur=6%, sms=500 MPa, sur=600 MPa,
Sas=300 MPa sar=200 MPa, Fig.13 and Fig.14.
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Slika 13. Ulazna istorija dilatacija i sradunata istorija napona u slu¢aju kompletnog opterecenja i parcijalnog rasterecenja,
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Figure 13. Input history of strains and computed history of stress in the case of partial loading and partial unloading,

Example 3
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Slika 14. Srac¢unata zavisnost napon—dilatacija, primer 3
Figure 14. Computed stress-strain relationship, Example 3

Definisani materijalni model koriS¢en je za numeri¢ku
simulaciju rezultata, dobijenih u eksperimentalnim
ispitivanjima nikl-titanijjumske Zzice pre¢nika 1.49 mm.
Materijal je proizvod Nitinol Devices & Components [8],
dok su rezultati eksperimentalnih i numerickih testiranja
preuzeti iz [6]. Iz analize eksperimentalnih zavisnosti
(krive)  dobijenih za celokupno opterecenje i
rastereéenje, za numeri¢ku simulaciju usvojene su
sledeée karakteristike: Ea=50000MPa, En=16000MPa,
ewr=8.2%, sms=520MPa, swr=600MPa, sas=260MPa
sar=160MPa, (sl. 15 16).

The defined material model has been used for
numerical simulation of the results obtained from the
experimental testing of nickel-titanium wires with a
diameter of 1.49mm. The material has been produced by
Nitinol Devices & Components [8], while the results from
the experimental and numerical testing are taken from
Fugazza [6]. From the analysis of the experimental curve
obtained at complete loading and unloading, the
following characteristics have been adopted for the
numerical simulation: ExA=50000 MPa, Ew=16000 MPa,
evr=8.2%, sus=520 MPa, sur=600 MPa, sas=260 MPa,
sar=160 MPa, Fig.15 and Fig.16.
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Slika 15. Poredenje eksperimentalnih i numericki dobijenih kriva, pri ukupnom opterecenju i rastereéenju
Figure 15. Comparison between the experimentally and numerically obtained curve at complete loading and unloading
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Slika 16. Poredenje eksperimentalnih i numericki dobijenih kriva, pri cikliénom opterecenju i rastereéenju
Figure 16. Comparison between the experimentally and numerically obtained curve at cyclic loading and unloading

4 ZAKLJUCAK

Legure sa svojstvom paméenja oblika pripadaju grupi
inteligentnih materijala s velikim potencijalom za primenu
u inteligentnim konstrukcijama i sistemima. Efekat
pamcenja oblika i efekat superelasti¢nosti stvaraju
legure sa svojstvom pamcenja oblika, veoma razli¢ite od
ostalih materijala koji se primenjuju u inZenjerskoj praksi.
Neuobicajeni makroskopski efekti koji se manifestuju
rezultat su promene kristalne strukture materijala,
prouzrokovane martenzitnim i reverzibilnim
transformacijama.  Fizicko-mehani¢ke  karakteristike
legura sa svojstvom pamcenja oblika kreéu se u Sirokim
granicama i zavise od kontrole procesa dobijanja tih
legura, procentualne zastupljenosti komponenata u
legurama, prisustva treceg elementai sl.

PredloZeni originalni histerezisni model za opisivanje
efekata superelasti¢nosti pri  cikliénom aksijalnom
opterecCivanju svrstava se u grupu poligonalnih
histerezisnih modela s promenljivom tangentnom
krutoS¢u. Taj model odlikuje niz prednosti, kao Sto su:
jednostavan algoritam za proracun; lako definisanje
potrebnih materijalnih parametara pomodu
jednoaksijalnog testa na pritisak ili zatezanje; razliCite
elasti¢ne karakteristike u austenitnoj i martenzitnoj fazi;
moguénost simulacije razli¢itih uslova optereéivanja pri
ciklicnom opterecenju; laka implementacija u nekom od
otvorenih softverskih kodova.
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REZIME

NOVI POLIGONALNI HISTEREZISNI MODEL ZA
SIMULIRANJE EFEKTA SUPERELASTICNOSTI
LEGURA SA SVOJSTVOM PAMCENJA OBLIKA

Koce TODOROV
Svetlana PETKOVSKA ONCEVSKA

Termin legure koje pamte oblik odnosi se na grupu
inteligentnih materijala (Shape memory alloys — SMA) i
objedinjuje grupu metala sa svojstvima vra¢anja u
prethodno definisanu formu, oblik ili geometriju, kada su
izlozeni odredenom termomehani¢kom  tretmanu.
Jedinstvene karakteristike SMA — kao Sto su: veliki
kapacitet  priguSenja, moguénost velikih  povratnih
napona i dilatacija, samocentrirajuéa moguénost i
izvanredna otpornost na koroziju — &ine ove materijale
pogodnim za primenu u sistemima za pasivno i aktivho
upravijanje (control) konstrukcija i za naucna
istrazivanja. U ovom radu, izlozene su opSte
karakteristike legura sa svojstvom paméenja i najvaznije
fizicko-mehaniCke karakteristike najéeSce koriSéenih
komercijalnih legura.

Definisanje materijalnog modela za numeri¢ku
simulaciju superelasticnog odgovora legura koje pamte
oblik veoma je znaCajno za njihovo matemati¢ko
modeliranje. S tim ciljem, razvijen je novi, originalni
poligonalni  histerezisni model s  promenljivom
tangentnom  krutoS¢u, kojom se opisuje efekat
superelasticnosti  u  slu€aju ciklicnog aksijalnog
optereéenja.

Model ima niz prednosti, kao Sto su: jednostavni
algoritam za proraun, lako definisanje potrebnih
materijalnih parametara za jednoaksijalan test na pritisak
ili zatezanje, razliCite elasticne karakteristike wu
austenitnoj i martenzitnoj fazi, mogucénost simuliranja
razli¢itih uslova za ciklicno optereéivanje, laka
implementacija u neki od otvorenih softverskih kodova.

Kljuéne reéi: legure sa svojstvom pamcéenja oblika,
superelasti¢nost, histerezisni model.
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SUMMARY

NEW POLYGONAL HYSTERETIC MODEL FOR
SIMULATION OF SUPERELASTICITY EFFECT OF
SHAPE MEMORY ALLOYS

Koce TODOROV
Svetlana PETKOVSKA ONCEVSKA

The term shape memory alloys (SMA) refers to the
group of metallic materials that demonstrate the ability to
return to the same predefined shape or size when
exposed to an appropriate thermal procedure. The
unique characteristics of SMA, i.e., the high damping
capacity, the high level of stress and strains recovery,
the re-centring capabilities and the high corrosion
resistance make this material attractive for scientific
research. This paper shows the general characteristics
of the shape memory alloys and the main physical-
mechanical properties of the most frequently used
commercial alloys.

Definition of a material model for numerical
simulation of the superelastic response of shape
memory alloys is very important for their mathematical
modelling. For that purpose, a new original polygonal
hysteretic model with variable tangent stiffness has been
developed for description of the superelasticity effect in
the case of cyclic axial loading

The model has a number of advantages as are the
simple algorithm for computation, the easy definition of
the necessary material parameters by means of a
uniaxial compressive or tension test, the different elastic
characteristics in the austenite and martensite phase,
the possibility of simulation of different loading conditions
at cyclic loading and the easy implementation in some of
the open software codes.

Key words: shape memory alloys, superelasticity,
hysteretic model.
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obim ¢lanka na jednom jeziku, je oko 16 stranica (30000
slovnih mesta) ukljucujuci slike, fotografije, tabele i popis
literature. Za radove veéeg obima potrebna je saglasnost
Redakcionog odbora.

Naslov rada treba sa $to manje re€i (pozZelijno osam, a
najvise do jedanaeset) da opiSe sadrzaj clanka. U naslovu
ne Kkoristiti skracenice ni formule. U radu se iza naslova daju
ime i prezime autora, a titule i zvanja, kao i ime institucije u
podnoznoj napomeni. Autor za kontakt daje telefone, faks i
adresu elektronske poSte, a za ostale autore poStansku
adresu.

Uz sazetak (rezime) od oko 150 do 200 reci, na
srpskom i engleskom jeziku daju se klju¢ne reci (do deset).
To je jezgrovit prikaz celog ¢lanka i ¢itaocima omogucuje
uvid u njegove bitne elemente.

Rukopis se deli na poglavlja i potpoglovlja uz numera-
ciju, po hijerarhiji, arapskim brojevima. Svaki rad ima uvod,
sadrzinu rada sa rezultatima, analizom i zaklju¢cima. Na
kraju rada se daje popis literature.

Kod svih dimenzionalnih veli¢ina obavezna je primena
medunarodnih S| mernih jedinica.

Formule i jednacine treba pisati paZljivo vodeci rauna o
indeksima i eksponentima. Autori uz izraze u tekstu definSu
simbole redom kako se pojavijuju, ali se moze dati i
posebna lista simbola u prilogu.

Prilozi (tabele, grafikoni, sheme i fotografije) rade se u
crno-beloj tehnici, u formatu koji obezbeduje da pri
smanjenju na razmere za Stampu, po Sirini jedan do dva
stupca (8cm ili 16.5cm), a po visini najviSe 24.5cm, ostanu
jasni i Citljivi, tj. da velicine slova i brojeva budu najmanje
1.5mm. Originalni crtezi treba da budu kvalitetni i u
potpunosti pripremljeni za presnimavanje. Mogu biti i dobre,
ostre i kontrastne fotokopije. Koristiti fotogrfije, u crno-beloj
tehnici, na kvalitetnoj hartiji sa oStrim konturama, koje
omogucéuju jasnu reprodukciju. Skracenice u prilozima
koristiti samo izuzetno uz obaveznu legendu. Prilozi se
posebno oznacavaju arapskim brojevima, prema redosledu
navodenja u tekstu. Objasnjenje tabela daje se u tekstu.

Potrebno je dati spisak svih skrac¢enica koriS¢enih u
tekstu.

U popisu literature na kraju rada daju se samo oni
radovi koji se pominju u tekstu. Citirane radove treba
prikazati po azbuénom redu prezimena prvog autora.
Literaturu u tekstu oznaciti arapskim brojevima u uglastim
zagradama, kako se navodi i u Popisu citirane literature,
napr [1]. Svaki citat u tekstu mora se naci u Popisu citirane
literature i obrnuto svaki podatak iz Popisa se mora navesti
u tekstu.

U Popisu literature se navode prezime i inicijali imena
autora, zatim potpuni naslov citiranog €lanka, iza toga sledi
ime Casopisa, godina izdavanja i poCetna i zavrSna stranica
(od - do). Za knjige iza naslova upisuje se ime urednika (ako
ih ima), broj izdanja, prva i poslednja stranica poglavlja ili
dela knjige, ime izdavaca i mesto objavljivanja, ako je
navedeno vise gradova navodi se samo prvi po redu. Kada
autor citirane podatke ne uzima iz izvornog rada, vec¢ ih je
pronaSao u drugom delu, uz citat se dodaje «citirano
prema...». Neobjavljeni ¢lanci mogu se pominjati u tekstu
kao «usmeno saopStenje»

Autori su odgovorni za izneseni sadrZzaj i moraju sami
obezbediti eventualno potrebne saglasnosti za objavljivanje
nekih podataka i priloga koji se koriste u radu.

Ukoliko rad bude Erihvaéen za Stampu, autori su duzni
da, po uputstvu Redakcije, unesu sve ispravke i dopune u
tekstu i prilozima.

Za detaljnija tehnicka uputstva za pripremu rukopisa
autori se mogu obratiti Redakcionom odboru ¢asopisa.

Rukopisi i prilozi objavljenih radova se ne vracaju. Sva
eventualna objaSnjenja i uputstva mogu se dobiti od
Redakcionog odbora.

Radovi se mogu slati i na e-mail: folic@uns.ac.rs ili
miram@uns.ac.rs i dimk@ptt.rs

Veb sajt Drustva i ¢asopisa: www.dimk.rs
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Izdavanje Casopisa "Gradevinski materijali i konstrukcije" finansijski su pomogli:

departman za
gradevinarstvo

HME IMS

INZENJERSKA KOMORA SRBIJE

MINISTARSTVO ZA NAUKU | TEHNOLOSKI
RAZVOJ SRBIJE

UNIVERZITET U BEOGRADU
GRADEVINSKI FAKULTET

DEPARTMAN ZA GRADEVINARSTVO
FAKULTET TENHICKIH NAUKA NOVI SAD

INSTITUT IMS AD, BEOGRAD

UNIVERZITET CRNE GORE
GRADEVINSKI FAKULTET - PODGORICA
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